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from single-granulation to multigranulation. Secondly, we study multigranulation rough set
theory from the viewpoint of three-way decision. More precisely, we embody the idea
of three-way decision theory in the definition of multigranulation rough set theory. This
leads to an axiomatic definition of decision-oriented aggregation operators on 3 = {0, % 1},

{\(/‘l?jlwtiogrriiulation rough set which are quite different from those conjunctions proposed so far. Moreover, considering
Three-valued logic that a multigranulation rough set also divides the universe into five disjoint subsets, we
Three-way decision present a five-valued semantics for multigranulation rough set model, and a kind of non-
Five-valued logic deterministic matrices is thus given.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The notion of multigranulation rough set model [20,28] is derived from a multigranulation space (U, E), which con-
sists of a universe U and a family of equivalence relations E on U. To date, rough set models in multigranulation spaces
have become a subject of growing interests in artificial intelligence and the related areas. According to the combination
strategies used in the existing studies, the existing rough set models in multigranulation spaces can be classified into the
following two types [28]. One model is based on a combination of a family of equivalence relations into an equivalence
relation and the construction of approximations with respect to the combined relation. For instance, Marek and Rasiowa
and Polkowski considered gradual approximations of sets by using a nested sequence of equivalence relations [15,17]. Yao
studied hierarchical multigranulation space and the induced stratified rough set approximations [29,30]. Farifias Del Cerro
and Orlowska used both intersection and transitive closure of union of equivalence relations in a logic for data analysis [7].
Rauszer presented a formal system for reasoning with incomplete information in a multi-agent system [22]. The other ap-
proach has been taken up along the research line of the proposed multigranulation rough set models in [20], that is, the
rough set models are obtained by combining the family of rough sets produced by the individual approximation spaces
in a multigranulation space. The derived models include fuzzy multigranulation rough set model, decision-theoretic rough
sets, see, e.g., [10,14,21,25,26,32]. At the application level, Liang et al. proposed an efficient feature selection algorithm for
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large-scale data sets based on ideas from multigranulation rough sets [13]. Li focused on three-way concept learning via
multi-granularity from the viewpoint of cognition [12]. Yang et al. proposed a test cost sensitive multigranulation rough set
model [27]. For the most recently published work on this topic, one can refer to [23] for detail.

Rough sets have often been studied under a three-valued logic framework and different authors have tried to connect
rough sets to different logics [1-6,8,16,18]. Three-valued logics are straightforward generalizations of Boolean logic based
on the most simple bipolar scale {0, %, 1} where 1 (resp. 0) has a positive (resp. negative) flavor, and % is neutral. There
have been several different meanings attached to the third value, which correspond to different types of three-valued
logical systems. However, these three-valued logical systems still form a scattered landscape, Ciucci and Dubois defined a
maximal family of sensible conjunctions [4] on 3 based on some intuitive properties, in the scope of modeling incomplete
information. Consequently, 14 possible cases of conjunctions are obtained.

In this paper, we aim to investigate multigranulation rough set theory from the viewpoint of multiple-valued logics.
Considering the fact that a multigranulation rough set can induce a three-valued function on the universe, we define various
types of multigranulation rough set models according to the proposed 14 conjunctions on 3 = {0, % 1}. Consequently, 14
types of multigranulation rough set models are obtained. Then, a comparative study between the models in the existing
literatures and the proposed ones in the present paper is performed. The results show that some existing ones can be put
into our framework from the viewpoint of 3-valued logic.

Note that a common feature shared by the conjunctions in [4] that 1«0 =0x%1=0, i.e., they are generalizations of
Boolean conjunction. However, if the values in {0, % 1} are interpreted in terms of three-way decision [29,31,32], the pro-
posed conjunctions have some drawbacks. More concretely, if we interpret 1 as the acceptance value while 0 as the rejection
value, then the pair (1,0) means that an object should be accepted according to one evaluation function and be rejected
according to the other evaluation function simultaneously. In such a situation, one always makes noncommitment according
to the basic idea of three-way decision. To embody the idea of three-way decision in the definition of multigranulation
rough set models, we firstly present a modified version of conjunctions on 3. Then by transferring the decision-oriented ag-
gregation operators on three-valued functions into combination strategy of approximation results in different Pawlak spaces,
we define 16 types of multigranulation rough set models. Lastly, considering that any multigranulation rough set model can
also divide the universe into five disjoint subsets, we present a five-valued semantic for multigranulation rough set model
and show its nondeterministic character.

The rest of this paper proceeds as follows. In Section 2, by recalling the existing conjunctions on 3, we define the corre-
sponding 14 types of multigranulation rough set models. In Section 3, to embody the idea of three-way decision, we present
an axiomatic definition of decision-oriented aggregation operators on 3 and derive 16 multigranulation rough set models
in a similar manner as that in Section 2. Then in Section 4, we present a five-valued logic semantics for multigranulation
rough set, such a semantic is defined by using a non-deterministic logical matrix [2] (Nmatrix), which is a generalization
of an ordinary matrix modeling non-determinism, with interpretations of logical connectives returning sets of logical values
instead of single values. Lastly, the present paper is completed with some concluding remarks.

2. Multigranulation rough set and three-valued logic

In this section, we aim to develop some new multigranulation rough set models by means of the existing conjunction

operators on 3 = {0, % 1}. We restrict our discussion to the models derived from a multigranulation space (U, E), where only

two equivalence relations are available, that is, |E| = 2. The present study can be extended to a large number of equivalence
relations by using the associative law.

2.1. Approximation in a Pawlak approximation space

A Pawlak space is a pair (U, R), where R is an equivalence relation on U. The equivalence relation induces a partition
U/R, namely, a family of pairwise disjoint nonempty subsets of the universe whose union is the universe. The equiva-
lence class containing x is given by [x]g = {y € U|xRy}. By considering equivalence classes as the building blocks, one can
approximate a subset of U through unions of equivalence classes.

Definition 1 (/19]). In a Pawlak approximation space (U, R), a subset X C U is approximated by two sets:

aprr(X) = U{[x]r | [XIr € X},
aprr(X) = U{[x]r | [x]r N X # B}.
Equivalently, they can be defined by:
aprr(X) ={x e U | [x]r € X},
aprr(X) ={x e U | [x]r N X # 7}

We call aprg(X),aprr(X) the lower approximation and upper approximation of X, respectively, with respect to the equiva-
lence relation R and call aprg, aprg :2Y — 2V rough approximation operators determined by R.
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Pawlak rough sets have often been studied under a three-valued logic framework and different authors have tried to
connect rough sets to different logics. Consider the most simple bipolar scale {0, % 1}, where 1 (resp. 0) has a positive
(resp. negative) flavor, and % is neutral. Let f be a three-valued function on the universe U, then f can induce three
(Boolean) subsets of the universe:

A1 ={x]| f(x) =1}, the positive domain,
Ao = {x]| f(x) =0}, the negative domain,
Ap={x|f(x)= %}, the neutral domain.

Clearly, (A1, Ag,Ay) form a tripartition of the universe. Conversely, given a tripartition of the universe, say as
(A1, Ap, Ay), we can define a three-valued function in an obvious way: f(x) =1 if x€ A1, f(x) =0 if x € Ap and f(x) = %
if x € Ay. Thus the collection of three-valued functions on the universe and the collection of tripartitions are in one-to-one
correspondence.

We now turn our attention to Pawlak space (U, R) and X C U, rough set approximation of X naturally induces a tripar-
tition of the universe, i.e., (@prr(X),aprr(X) \@R(X),W’%(X)), which, in turn, induces a three-valued function, denoted
by fx r, on the universe, which is defined as follows:

fxr®) =1, if x € aprr(X),
fx,r() =0, if x € (@prr(X))-,
fxR@) =3, if x € @FR(X) \ aprg(X).

2.2. The existing multigranulation rough set models

Recall that in [20], Qian et al. proposed the notion of multigranulation rough set models from the viewpoint of granular
computing, the results are a pair of so-called pessimistic and optimistic rough sets. By interpreting a multigranulation space
as a multiple-source approximation space, Khan and Banerjee introduced the notions of strong and weak lower and upper
approximations [1]. Although the interpretations of a multigranulation space in these two studies are different, their results
are mathematically equivalent.

Definition 2 (/20]). Let (U, E) be a multigranulation space with E = {R1, Ry}, then for any X C U, define

aprg(X) =aprg, (X) Uaprg, (X),
aprg(X) = apr, (X) N aprg, (X),
aprg (X) = aprg, (X) Naprg,(X),
aprg (X) = aprg, (X) Uaprg, (X).

Then we call the pair (aprg(X),aprg(X)) an optimistic multigranulation rough set and call (Lﬂg (X),WQ(X)) a pessimistic
multigranulation rough set.

Given (U,E) and X C U, a multigranulation rough set (either optimistic or pessimistic) divides the universe into three
disjoint subsets. i.e., the positive region, the negative region and the boundary region. The corresponding three-valued
function is denoted by fx g, which can be similarly defined as above. Consequently, for (U, E) with E={R1, R2}, we obtain
three types of three-valued functions on the universe for X C U: fx g, fx,r, and fx r,. Then one natural question arises:
what is the internal relationship between fx g and fx r,, fx,r,? Or in other words, how can we obtain fx g by means
of operations on fx r,, fx,r,. In particular, if we consider the pointwise operation on three-valued functions, what is
the aggregation operator corresponding to the relationship between fx g and fx gr,,.fx r,. In what follows, we attempt to
examine this issue in detail.

Proposition 1. Let (U, E) be a multigranulation space with E = {R1, Ry }. Then the combination operator ®° induced by the optimistic
multigranulation rough set model satisfies the following conditions:

(1)08°0=1®°3=3®"0=0,3®°3=3,3@ 1=18"7=1@"1=1

(2) ®° is undefined on (0, 1) and (1, 0).

Proof. Let fx r;, fx.r,, fy g be the three-valued functions induced by X in Pawlak spaces (U, R1), (U, R2) and the multi-
granulation space (U, E), respectively. Considering one-to-one correspondence between the collection of three-valued func-
tions and tripartitions on a universe, we need only show that the following conditions are satisfied:

(i) f)‘},E(x) =1 1if and only if fx g, (x) =1 or fxg,(x) =1,

(ii) f)‘},E(x) =0 if and only if fx g, (X) =0 or fx g, (x)=0.
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Table 1
Aggregation operator ®° induced by opti-
mistic multigranulation rough set model.

8° 0 . 1

0 0 0 x

2 0 2 1

1 x 1 1
Table 2

Aggregation operator ®P corresponding
to pessimistic multigranulation rough set

model.
®F 0 3 1
0 0 . x
1 1 1 1
2 2 2 2
1 x 1 1

Since the operation on three-valued sets, we are considering now, is pointwise defined, then condition (i) is equivalent to
the fact that x ®° y =1 if and only if at least one of {x, y} is equal to 1, which, however, can be seen directly from Table 1.
It deserves special noting here that the combination value of 1 and 0 is not defined, that is, ®° in Table 1 is just a partial
operation, which is due to the following fact: fx g, (x) =1 and fx g,(x) =0 cannot hold simultaneously. (In fact, suppose
that fx g, (x) =1, i.e, x is contained in the lower approximation of X, we then have x € X, and therefore, [x]g, N X # ¢,
which means that fx g, (x) € {%, 1}, that is, fx r,(x) =0 cannot happen.) Similarly, fx r,(x) =0 and fx r,(x) =1 cannot
hold simultaneously. By using a similar way, we can show that condition (ii) is also satisfied. O

The aggregation operator ®° is also shown in Table 1.

Proposition 2. Suppose that (U, E) is a multigranulation space with E = {R1, R2}. Then the aggregation operator induced by pes-
simistic multigranulation rough set model satisfies the following conditions:
(1)0®P0=0,00P 1 =1@P0=1@"1l@P1=1@P1=110"1=1,
(2) ®P is undefined on (0, 1) and (1, 0).

Proof. It can be shown in a similar manner as that of Proposition 1. O
The aggregation operator ®? is shown in Table 2.
2.3. Conjunctions on three-valued logic

In [4], the authors defined a maximal family of sensible conjunctions, in addition to the existing ones.

Definition 3 (/4]). A conjunction on 3 is a binary mapping * : 3 x 3 — 3, that is monotonically increasing in the wide
sense, and extends the connective AND in Boolean logic:

(Cl)If x<ythenxxz<y=x*z

(C2)Ifx<ythen zxx<z=xy;

(C3)0x0=0%1=1%x0=0and 1x1=1.

It is pointed in [4] that there are 14 possible conjunctions satisfying conditions in Definition 3. Among them, only six
are commutative and only five are associative. These five conjunctions are already known in the literature and precisely,
they have been studied in the following logics: Sette, Sobocinski, Lukasiewicz, Kleene, Bochvar. The complete list is given in
Table 3. The smaller table gives the common parts of all operators, and the larger table gives the rest.

We conclude from Table 1 and Table 2 that the existing multigranulation rough set models correspond to two differ-
ent aggregation operators on 3 = {0, % 1}, which can be regarded as two special cases of conjunctions in the sense of
Definition 2. Then one question arises at this point, i.e., what is the multigranulation rough set model corresponding to
conjunctions in Definition 2, this leads us to a consideration of generalization of the exiting multigranulation rough set
models from the viewpoint of three-valued logic.

In what follows, we use x; to denote the ith conjunction operator in Table 3, and use (@‘%,WE) to denote the
corresponding multigranulation approximation operators. The obtained results are summarized in the following proposi-
tion.
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Table 3
All conjunction on {0, §, 1}.
n % * % % * 1 1% %
1 1 1 1 Sette
2 % 1 1 quasi-conjunction/Sobocifiski
3 . 1 .
4 . . 1
" 0 1 ] 5 . . . min/interval conjunction/Kleene
2 6 0 0 1
(i g o 0 7 0 !
2 8 0 0 0 Bochvar external
1 0 19 o 1 0
10 0 3 1
11 0 % % Lukasiewicz
12 0 1 0
13 0 1 .
14 0 1 1

Proposition 3. Suppose that (U, {R1, R2}) is a multigranulation space, then for X C U, we have
(1) (apr(X), aprg(X)) = (aprg, (X) Naprg, (X), aprg, (X) Naprg, (X)).
(2) (apra(X), aprg(X)) = (aprg, (X) Uaprg, (X), aprg, (X) N aprg, (X)).
(3) (aprg(X), apra(X)) = (aprg, (X), @prg, (X) N PR, (X)).

(4) (aprg(X), aprg(X)) = (aprg, (X), aprg, (X) N aprg, (X)).

(5) (apry(X), apra (X)) = (aprg, (X) Naprg, (X), aprg, (X) N aprg, (X)).
(6) (apri(X), aprg(X)) = (aprg, (X). aprg, (X)).

(7) (apri(X), apri(X)) = (aprg, (X) Naprg, (X), aprg, (X)).

(8) (apr¥(X), apre(X)) = (aprg, (X) Naprg,(X), aprg, (X) Naprg, (X)).
(9) (apra(X). aprg(X)) = (aprg, (X) Naprg, (X), aprg, (X)).

(10) (apr®(X), apri’ (X)) = (aprg, (X). aprg, (X) Uaprg, (X)).

(11) (aprg! (X), aprg! (X)) = (aprg, (X) Naprg, (X), aprg, (X) Uaprg, (X)).
(12) (aprg?(X), @prg? (X)) = (aprg, (X), aprg, (X)).

(13) (apr> (X), @pri3 (X)) = (aprg, (X), aprg, (X) Uaprg, (X)).

(14) (aprg*(X), aprg*(X)) = (aprg, (X) Uaprg, (X), aprg, (X) Uaprg, (X)).

Proof. We will give the proof of (2) and (6) below, and the others can be proved in an analogous manner.
(2) Bearing in mind that there exists a one-to-one correspondence between the collection of three-valued functions and
that of tripartitions on the universe, we have

Fx gD =aprg(X). fx (0) = @T3(X))", 0
Fxry D =apre, (X). fx &, (0) = @Tr, (X)), 2)
Frky () =apre, (X). fx k,(0) = @Tr, (X))". 3)

According to Table 3, for x, y € {0, % 1}, x*» y =1 if and only if at least one of {x, y} is equal to 1, x*, y =0 if and only
if at least one of {x, y} is equal to 0. Considering that the operation between fx g, and fx r, is pointwise defined, we have

fxEX) =16 fr x® =1o0r fg, x(x) =1, (4)
And therefore,

X€ fxp(D) & xe fxp (DU fxp). (5)
Combining with (1)-(3), we obtain

aprg(X) = aprg, (X) U aprg, (X).

Similarly, according to Table 3 and the pointwise operation between fx g, and fx g,, we have

fxgX) =0%& fx g, (x)=0o0r fxr,(x)=0. (6)
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Therefore,

X€ fyp(0) & xe fr'y(0)U fi £(0) = @pTr, (X)) U @pTr, (X)) = @7, (X) N (@Tx, (X))". 7)
Combining with (1)-(3), we therefore obtain

apra(X) = aprg, (X)) N @prr, (X),

as desired.
(6) Observe from Table 3 that for x, y € {0, %, 1}, xxgy=1ifand only if x=1,y #0, x*¢ y =0 if and only if x*g y # 1.
Considering that the operation between fx g, and fx r, is pointwise defined, we have

fxe(®) =1¢ fr, x(x)=1and fg, x(x) #0. (8)

And therefore,

X€ fxp(D) & x€ fxp (DN (fxk, O)F. ©)

Combining with (1)-(3), we obtain

aprg(X) = aprg, (X) N (@pTr, (X))". (10)

Since aprg, (X) € X C aprg,(X) always holds, (10) can also be written as

aprg(X) = apr, (X). (an

Moreover, considering that x s y =0 if and only if x*¢ ¥y # 1, we obtain fx g(x) =0 < fx g(x) # 1, consequently,

@pre(X))© = (apre(X))", (12)

which, together with (11), implies that
aprg(X) =aprg, (X). O (13)

We conclude from Proposition 3 that the multigranulation rough set model derived from the conjunction operator x; is
indeed the optimistic multigranulation rough set model in [20]. However, the pessimistic multigranulation rough set model
is not in the list of Proposition 3, because the corresponding aggregation operator is not the generalization of Boolean
conjunction, as we will see in the next section.

We can also make the following observations: For the pair of approximation operators (GLWE,GTWE) and X C U, the
boundary region of X is always empty due to the fact that the lower approximation and the upper approximation of X
coincide with each other. The multigranulation rough set models corresponding to %3 and %4 are one-sided in the sense
that the lower approximation of X is not the combination of aprg, (X) and aprg, (X), but only one of them. For the multi-
granulation rough set model corresponding to s, both the lower approximation and the upper approximation are obtained
by using the set-theoretic intersection. They are not dual to each other in the general case. The multigranulation rough
set model corresponding to *g is somewhat surprising since it has nothing to do with the approximation result in Pawlak
space (U, R1). Moreover, the boundary region for any X C U is always empty. The multigranulation rough set models corre-
sponding to %7 and *g are also partially one-sided because the upper approximation has nothing to do with aprg, (X) and
aprg, (X). The multigranulation rough set model derived from g is obtained by using the set-theoretic intersection of lower
approximations of X in each Pawlak space. Moreover, the approximation pair of X in multigranulation rough set model
corresponding to %19 — *14 is also irrelevant to the upper approximations in each Pawlak space.

3. Three-way decision and three-valued logic
The conjunctions on {0, % 1} corresponding to the multigranulation rough set models in last section are all partial ones
in the sense that x x y is definable if and only if (x, y) ¢ {(0, 1), (1, 0)}. This is attributed to the fact that for any object in
the universe, it cannot belong to the positive region of X in one Pawlak space and lie in the negative region in the other
space simultaneously.

However, in three-way decision theory [30] (see the following definition), such a phenomenon commonly exists. For the
same object, one possible situation is that its evaluation value for acceptance is 1 while the evaluation value for rejection
is 0. In multi-agent environment, one agent makes acceptance while the other agent makes rejection, etc. Do the existing
conjunctions suffice for this purpose? We will discuss this topic in more detail in this section.
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Table 4
All decision-oriented conjunctions on {0, % 1}.
n 0 * % % *0 % *1 1% %
1 0 0 1 1
2 0 0 3 1
3 0 0 . 1
4 0 0 1 3
5 0 1 1 1
2 2 2
6 0 1 1 1
* 1 1 2 2
2 — 7 0 3 1 1
0 2 8 0 1 1 1
1 1 1 2 1 1
12 ; 2 ) 9 2 0 2 2
2 10 3 0 3 1
11 5 0 1 5
12 5 0 1 1
1 1
13 5 ? 11 1
1
14 5 3 3 1
15 ! ! 1 }
1 1 1 1
16 2 2 2 2

3.1. Three-way decision theory

In [31], based on the notions of acceptance, rejection and noncommitment, Yao proposed a theory of three-way decisions,
which is an extension of the commonly used binary-decision model with an added third option.
The following definition concerns the three-way decision model derived by two evaluation functions.

Definition 4 ([30]). Let # # L} C L, be a subset of L, called the designated values for acceptance, and ¥ # L C L, be a
subset of L, called the designated values for rejection. The positive, negative, and boundary regions of three-way decisions
induced by (vq, v;) are defined by:

POSgvy)(Va, Vi) ={xeU|vgx) € L;r’ vi(X) ¢ L},
NEG (v,.vp)(Va, Vi) = {x € U [ va(®) ¢ L, v (0) € L[},
BND(y,v,)(Va, Vi) ={x€ U | va(x) € La+: vrx) e L }U{xe U |va(x) ¢ La+: vr(x) ¢ L}

We now turn our attention to the complete list of conjunctions on {0, % 1} in Table 3. A common feature of these

conjunctions is that 0« 1=1x0=0%0=0 and 1% 1 =1, which is naturally the generalization of Boolean conjunction.
However, if these values are interpreted in terms of three-way decision theory, such conjunctions have limitations. Precisely,
if 1 indicates the acceptance of an object for one agent while 0 stands for the rejection of the same object for the other
agent, then 10 =0 means that the combined decision is rejection. This does not comply with the basic idea of three-way
decision theory because one always makes noncommitment in such a situation. To embody the idea of three-way decision in
the definition of multigranulation rough set model, we further give an axiomatic definition of decision-oriented aggregation
operators on 3 = {0; %; 1}. As will be shown below, these operators, compared with the existing ones, share a common

feature that 1x0=0x1= % * % = % This leads us to give the following definition of decision-oriented aggregation operators.

1

Definition 5. A decision-oriented aggregation operator on 3 = {0, 3,

following conditions:
(iY)Ifx<y, thenxxz<yx*z,
(ii)If x<y, then zxx<zx*y,
(iii) 0x0=0,1%x1=1,0%x1=1%0=

1} is a binary mapping = : 3 x 3 — 3 satisfying the

1,11
2%¥2= 73"

In condition (iii), 0«1 =1%0= % means that if an object lies in the acceptance region for one evaluation function and the

rejection region for the other evaluation function simultaneously, then we will make noncommitment. Similarly, % * % = %

means that if an object lies in the boundary region for two evaluation functions, then we will also make noncommitment.
Both comply with the original idea of three-way decision in Definition 4.

A complete list of all decision-oriented aggregation operators on 3 is given in Table 4.

In what follows, some intuitional interpretations as well as several examples of the above aggregation operators are
provided.
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For the first decision-oriented aggregation operator, we can give a more physical interpretation. Consider two logically
sophisticated agents, for the same object in the universe, 0 * % =0 means that if one agent rejects it while the other agent
makes noncommitment, then the combined decision is rejection. 1 % % =1 means that if one agent accepts an object while
the other agent makes noncommitment, then the combined decision is acceptance. Similar interpretations can be given
to the other cases. We can also say that the first three-way decision model is optimistic in both making acceptance and
rejection, because for two agents, if one makes acceptance while the other does not make rejection, then the combined
decision is acceptance. Similar decisions also hold for rejection. For the second three-way decision model, it is optimistic
in making rejection while it is pessimistic in making acceptance. That is, the combined decision is acceptance if and only
if both agents accept an object. For the third three-way decision model, it is optimistic in making rejection. When making
acceptance, we adopt a one-sided approach, that is, when the first (the first variable represent the decision value of the first
agent) agent makes acceptance while the other agent does not make rejection, then the combined decision is acceptance.
In other words, the decision making of acceptance is mainly determined by the first agent. We omit here the detailed
interpretation of the other decision models.

Example 1. Consider the issue of regular paper review process. Suppose that there are two reviewers, then we will see below
that some types of decision results of the editorial board can be described by the above aggregation operators. 0 %0 =0
means that if both reviewers recommend rejection of the paper, then the final decision of this paper is also rejection.
Similarly, 1% 1 =1 means that if both reviewers recommend accept of the paper, then the final decision of this paper is also
accept. 0x1=1%x0= % means that if one reviewer recommends rejection while the other reviewer recommends accept,

then the paper 15 transferred to another round of reviewer process, and therefore, 3 5 is a more reasonable aggregated value
of 1 and 0. 2 = % means that if both reviewers do not make any recommendation, then the editorial board has to
transfer it to another round of reviewer process. The above argument provides an intuitive interpretation of the axiomatic
definition of decision-oriented decision operator. Then based on this, some types of decision-oriented operators in Table 4
can be interpreted as follows:

(1) The first operator: 0 * % = % *0=0, 1% % = % %1 =1 means that if one reviewer recommends rejection while the
other reviewer does not recommend accept (i.e., reject or makes non-recommendation), then the final decision is rejection.
Similarly, if one reviewer recommends accept while the other reviewer does not recommend rejection (i.e., accept or makes
non-recommendation), then the final decision is accept.

(ii) The second decision- oriented operator: 0 * 5 ] 1 %0 =0 can be interpreted in a similar way as above. For 1 x* 5 ]

%*1 = i we combine with 1 3%3 2 1 that if one reviewer does not recommend accept, then the paper have to be transferred
to another round of review process. Or in other words, only if both reviewers recommend to accept, can the final decision
be accepted. This is a strict or pessimistic attitude.

(iii) For the third aggregation operator, it is not commutative. The aggregate value is equal to O if and only if at least
one of the aggregated value is equal to 0. That is, the final decision of a manuscript is rejection if and only if one of the
reviewers recommends rejection. % ¥1= %, 1% % =1 means that the decision to accept a manuscript mainly depends on
the decision made by the first reviewer.

The other aggregation operators can be interpreted in a similar manner.

The complete list of decision-oriented aggregation operators on 3 can naturally induce some new multigranulation rough
set models, as we will show below.

Proposition 4. Suppose that (U, E) is a multigranulation space with E = {R1, R2}, then for X C U, we have
(1) (aprg' (X). apr 1(X)) = (aprg, (X) Uaprg, (X), @prr, (X) Naprg, (X)),
(2) (aprg?(X), aprg? (X)) = (aprg, (X) N aprr, (X), @prr, (X) Naprg, (X)),
3) (apr‘,é3 (X). W‘F (X)) = (aprg, (X), @pr, (X) N @pr, (X)),
(4) (aprg*(X). apr (X)) = (aprg, (X), @pFg, (X) Naprg, (X)),
(5) (aprd (X). apr >(X)) = (aprg, (X) Naprg,(X), aprg, (X)),
(6) (aprgs (X). apr 8(X)) = (aprg, (X). @prg, (X)),
(7) (aprd (X), apr (X)) = (aprg,(X), aprg, (X)),
(8) (apr®(X), apred (X)) = (apr, (X) U aprg, (X), @prg, (X)),
(9) (aprd (X), apre® (X)) = (aprg, (X) N aprg, (X), @prg, (X)),
(10) (aprg'®(X), aprg'® (X)) = (aprg, (X). aprg, (X)),
(11) (aprg" (X), apra' (X)) = (aprg, (X). aprg, (X)),
(12) (aprd!®(X), apra'? (X)) = (aprg, (X) Uaprg, (X), @pr, (X)),
(13) (aprd®®(X), apra'® (X)) = (aprg, (X) Uaprg, (X), aprg, (X) Uaprg, (X)),
(14) (aprg'*(X)., apre'*(X)) = (aprg, (X).@prg, (X) U aprr, (X)),
(15) (aprd®(X), apra’® (X)) = (aprg, (X). @prg, (X) U apr, (X)),
(16) (apr'®(X), aprg'® (X)) = (aprg, (X) Naprg, (X), aprg, (X) Uaprg, (X)).
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Proof. It can be shown in a similar manner as that of Proposition 3.
Observe from Proposition 3 and Proposition 4 that

(apri(X), aprg(X)) = (apre? (X), apreZ (X)),
(aprg(X), apra(X)) = (aprg (X), apre> (X)),
(aprg(X), apra(X)) = (apre® (X). apre> (X)),
(aprg(X), apr(X)) = (aprg*(X), apret(X)).

However, the other multigranulation rough set models are different from those in Proposition 3. We can also observe
that the multigranulation rough set models defined by the first decision-oriented aggregation operator is the optimistic
multigranulation rough set model in [19] while the one defined by the sixteenth aggregation operator is the pessimistic
multigranulation rough set model proposed in [19]. That is, the multigranulation rough set models proposed in [19] are just
special cases of those induced by decision-oriented aggregation operators on 3. O

3.2. Comments on the existing multigranulation rough set models

In this subsection, a comparative analysis of the existing multigranulation rough set models is performed. It is shown
that they can be put into our proposed framework from the viewpoint of three-valued logic. Or in other words, they can be
induced by the decision-oriented aggregation operators on 3.

Note first that in the definition of multigranulation rough set models proposed in subsection 2.1, the aggregated value
of 1 and 0 plays no role. This is also true for those multigranulation rough set models induced by some selected classes of
binary relations such as those defined by reflexive relation, tolerance relation, pre-order relation. But for any binary relation
without any constraint, the results in Proposition 4 should be modified as follows. Here we use (cﬂ‘éi(X),LW‘E’f(X)) to
denote the ith pair of multigranulation approximation operators, with the superscript a indicating arbitrariness.

Proposition 5. Suppose that (U, E) is a multigranulation space with E = {R1, R}, then for X C U, we have
(1) (apré (X), apr; (X)) = ((aprg, (X) N@PTr, (X)) U (@prr, (X) NapFr, (X)), (@pTr, (X) Uapr, (X)) N (aprg, (X) UapTg, (X)),
(2) (aprf(X), apre? (X)) = (aprg, (X) Naprg, (X), (@pr, (X) Uaprg, (X)) N (aprg, (X) Uapr, (X)),
(3) (apr@ (X), apre? (X)) = (aprg, (X) NPT, (X), @pF, (X) Uaprg, (X)) N (aprg, (X) Uaprg, (X)),
(4) (aprE*(X), apret (X)) = @prg, (X) Naprg, (X), (@prg, (X) Uapr, (X)) N (aprg, (X) Uapr, (X)),
(5) (aprg (X), aprg (X))=(aLorRl(xmaﬂR2(X>,aerl (X) Uaprg, (X)),

(6) (apri®(X), aprg (X>>=@R1 (X) Naprg,(X), aprg, (X) Uaprg, (X)),

(7) (aprg’ (X), apre (X)) = (@prr, (X) Naprg, (X), aprr, (X) U aprg, (X)),

(8) (apr®(X), apred (X)) = ((aprg, (X) NPT, (X)) U (aprg, (X) Naprg, (X)), aprg, (X) Uaprg, (X)),
(9) (aprg 9(X), apry (X))—(aer1 (X) Naprg, (X), aprg, (X) U aprg, (X)),

(10) (@pr&1®(X), aprél (X)) = (apr, (X) N@PFr, (X), apr, (X) UGPTx, (X)),

(11) (aprg" (X), aprg!! (X)) = (aprg, (X) NapT, (X), aprg, (X) Uaprg, (X)),

(12) (aprg™(X), aprg'® (X)) = ((aprg, (X) NaPTr, (X)) U (apr, (X) Naprg, (X)), aprg, (X) Uaprg, (X)),
(13) (@pr&3(X), Gprt3 (X)) = ((aprg, (X) N@PTr, (X)) U (@prg, (X) N@PFr, (X)), GpFr, (X) U @, (X)),
(14) (aprg™(X), aprg!* (X)) = (aprg, (X) NapTr, (X), @prg, (X) UapTr, (X)),

(15) (aprE™®(X), apra'® (X)) = (aprg, (X) N aprr, (X), aprg, (X) Uapr, (X)),

(16) (aprg'®(X), apra'® (X)) = (aprg, (X) Naprg, (X), @prg, (X) Uaprr, (X)).

3.2.1. Comparative analysis with general framework for rough sets in multigranulation spaces

Recall that in [28], Yao and She proposed a unified framework for rough set models in multigranulation spaces. Ac-
cording to combination strategies used in the existing studies, two models are suggested. One model, called Model R, is
based on a combination of a family of equivalence relations into an equivalence relation and the construction of approxi-
mations with respect to the combined relation. The other model, called Model A, is based on the construction of a family
of approximations from a set of equivalence relations and a combination of the family of approximations.

Comparatively, our approach share common features with the approach presented in [28]. Precisely, these models are
all based on the construction of a family of approximations with respect to a family of equivalence relations and the
combination of these approximations. In this sense, the models proposed in our framework belong to model R in [28].
However, there exist visible difference between them. More precisely, in [28], the lower approximation and the upper
approximation are dual to each other, while in our framework, the condition of duality has been withdrawn. Consequently,
our results are more general than that in [28]. Moreover, our framework is presented from the viewpoint of three-valued
logic while models in [28] are given from the standpoint of information fusion.
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3.2.2. Comparative analysis with (N, N) model and (U, U) model

In [32], the authors investigated the general generation rules of approximation operators from the viewpoint of the
union and intersection operations of rough approximation pairs. Four kinds of constructive methods of rough approximation
operators from existing rough sets were established. The new notions of non-dual multigranulation rough sets and hy-
brid multi-granulation rough sets were introduced, and some properties were investigated. A trivial verification shows that
the proposed (N, N) model and (U, U) model are the models induced by the second and the thirteenth decision-oriented
aggregation operators in our framework, respectively.

3.2.3. Comparative analysis with rough set model in a multi-scale space

In [24,25], a formal approach to granular computing with multi-scale data measured at different levels of granulations
was proposed. In that approach, the set of equivalence relations derived from different labels of scales forms a chain under
the usual set-theoretic inclusion. That is, any two equivalence relations are comparable w.r.t. set-theoretical inclusion order.
We call such special type of multigranulation space a multi-scale space. Let (U, {R1, R2}) be a multi-scale space satisfying
the condition Ry € R;. Then for X € U, by applying set intersection and union, respectively, to the lower approximations in
each Pawlak space, we obtain the lower approximation of X in the multi-scale space. Then define the upper approximation
through duality. Since aprg, (X) € aprg, (X) € X C aprg, (X) C aprg, (X), we have

aprg, (X) Uaprg, (X) = aprg, (X), aprg, (X) Naprg, (X) = aprg, (X),
aprg, (X) Uaprg, (X) = aprg, (X), aprg, (X) Naprg, (X) = aprg, (X),

consequently, two types of approximation pairs in a multi-scale table can be obtained, ie., (aprg,(X),aprg, (X)),
(@pTr, (X), aprr, (X)). Moreover, if the condition of duality between lower approximation and upper approximation is with-
drawn, we can also get two pairs of hybrid approximations, that is, (aprg, (X), aprg, (X)), (aprg,(X), aprg, (X)).

Returning to the multigranulation rough set models in Proposition 4, we can observe that four different types of multi-
granulation rough set models derived from a multi-scale space are indeed those defined through g, %7, %19, *11, respectively.
However, the aggregation operators corresponding to these four models are different from those given in Table 4. Precisely,
for Ry C Ry and x € U, x € aprg, (X) implies that x € aprg, (X). That is, both 0* 1 and % %1 are not definable.

3.3. Characterization of three-way decision using three-valued logic

We now turn our attention to more general theory of three-way decision. We will consider the following scenario: there
are two agents (agent 1 and agent 2), they will make decision for the same set of objects. We focus on how to represent
the combined decision of an object from the viewpoint of three-valued logic.

According to the theory of three-way decision, for an object in the universe, each agent will make acceptance, rejection
or noncommitment according to the values of evaluation function they use. Consequently, a ternary classification of the set
of objects can be obtained, that is, the positive region, negative region and boundary region. We use P and N to denote
the positive region and the negative region, respectively. Sometimes, we also call the pair (P, N) the decision region of an
agent.

In what follows, we will consider the following two cases, depending on whether two agents have consistent decision or
not.

Definition 6. Let (P1,N1) and (P,, N) be the decision regions of agent 1 and agent 2, respectively. If P4 N Ny, = @,
P> N N1 =, then we say that two agents have consistent decisions, or briefly, two agents are consistent. Otherwise, we say
that two agents are inconsistent.

According to Definition 6, two agents are consistent if and only if they do not make the conflicting decision. That is, for
the same object, one agent accepts it while the other agent rejects it.

In what follows, we view decision combination as a mechanism by which agents can adapt their decisions in order to
achieve a shared position or viewpoint. From this perspective we would expect a valid aggregation operator to generate a
new decision which is always consistent with both the original decisions.

Taking this minimal requirement into account, we will define some combination operators in the following discussion,
in a similar way to that in [9].

Definition 7. Conservative aggregation operator: Given two agents with associated decision region pair (P1, N1) and (Py, N»),
we define the conservative aggregation operator such that:
(P1,N1) ® (P2, N2) = (P1 N P2, N1 N Na).
The term “conservative” refers to the fact that for an object, the combined decision is acceptance only if both agents

accept it, and the combined decision is rejection only if both agents reject it. Trivially, such a combination corresponds to
the sixteenth decision-oriented aggregation operator on 3 in Table 4.
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Definition 8. Optimistic aggregation operator: Given two agents with associated decision region pair (P, N1) and (P2, N»),
we define the conservative aggregation operator such that:

(P1,N1) @ (P2, N2) = (P1 U P2, N1 UN3).

When two agents are inconsistent, the combined decision has conflicting information. That is, there exists at least an
object which we accept and reject simultaneously. When two agents are consistent, it can be trivially checked that the
combined decision is self-consistent. That is, (P1 U P3) N (N1 U N3) = @. Moreover, the combined decision pair is consistent
with the original decision pairs. We can also conclude that such a aggregation operator of decision pairs corresponds to the
first decision-oriented aggregation operator on 3 in Table 4. Optimistic multigranulation rough set model can be viewed as
a concrete form of such a aggregation operator.

Definition 9. The Difference Operator: Given two agents with associated decision region pair (P, N1) and (P3, Ny), we
define the difference operator such that:

(P1,N1) © (P2, N3) = (P1 \ N2, N1 \ P).

According to Definition 9, the positive region in the combined decision is obtained by removing those objects from the
positive region of agent 1, which are rejected by agent 2. Similarly, the negative region is obtained by removing those objects
from the negative region of agent 1, which are accepted by agent 2. Trivially, such a aggregation operator corresponds to the
sixth decision-oriented aggregation operator on 3 in Table 4. When two agents are consistent, i.e., P1 "N, =@, PN N1 =0,
then one can check that (P1, N7) © (P2, N2) = (P1, Nq).

Definition 10. The Consensus Operator: Given two agents with associated decision region pairs (P1, N1) and (P2, N2), we
define the consensus operator such that:

(P1,N1) © (P2, N2) = ((P1 U P) \ (N1 UNy), (N1 UN3) \ (P1U P3)).

Consensus operator can be equivalently written as (Py, N1) ® (P2, N2) = ((P1\ N2) U(P2\ N1), (N1\ P2) U(N2\ P1)). That
is to say, consensus operator is obtained by firstly applying difference operator and then by using optimistic aggregation
operator. An easy verification shows that if (P1, N7) and (P, N») are consistent, then (P1, N;) ® (P2, N3) = (P1U Py, N1 U
N»).

4. Five-valued logic semantics for multigranulation rough sets

In this section, we explore the idea of describing multigranulation rough sets using five-valued logic, whereby the value

1 corresponds to the certain positive region (see Definition 11) of a set, the value % to the possible positive region (see

Definition 11), the value % to the certain boundary region (see Definition 11), the value % to the possible negative region
(see Definition 11), and the value O to the certain negative region (see Definition 11). Due to the properties of the above
regions in multigranulation rough set theory, the semantics of the logic is described using a non-deterministic matrix

(Nmatrix) [2].
4.1. Motivation for five-valued logic

For any set X C U, we can associate the five following regions in U, representing five basic statuses, or degrees, of
membership of an object of the universe U in the set X C U:

Definition 11 ([1]). Let (U, {R;};cy) be a multigranulation space and X C U, then x is said to be a

certain positive element of X, if x € ();cy aprg; (X),

possible positive element of X, if x € ( J;cy aprr; (X) \ Nien aprr; (X),

certain boundary element of X, if x € ();cy aprg; (X) \ Uiy aprr; (X),

possible negative element of X, if x € U;cy @PTr, (X) \ Nicy GPTR; (X), and

certain negative element of X, if x € ((;cy GPTr; (X))
The sets of certain positive elements, possible positive elements, certain boundary, possible negative and certain negative
elements of X are denoted by CPos(X), PPos(X), CBnd(X), PNeg(X), CNeg(X), respectively.

This suggests a natural way of describing rough sets with help of a simple five-valued logic Ly, defined informally as
follows:
The formulas of L, are all expressions of the form Ax, where A is an expression representing a subset of U and x is a
variable representing an object in U.
2

The semantics of Lys uses logical values in T ={1, 3, 2, X, 0} where:
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represents the classical value true,
represents the non-classical value possibly true,
represents a non-classical value unknown,
7 represents a non-classical value possibly false,
0 represents a classical value false.
The truth-values of formulas in Ly,s with respect to a multigranulation space K = (U, {R;};cy).an interpretation |- | of
set expressions, and a valuation v of object variables, are as follows:

1
3
3
2
P
1

v(x) € CPos(v(A)),
v(X) € PPos(v(A)),
v(x) € CBnd(v(A)), (14)
v(x) € PNeg(v(A)),
v(X) € CNeg(v(A)).

I Ax [lv=

(=R N NT RNV

4.2. Motivation for the use of non-deterministic matrices
Owing to the fact that four types of multigranulation approximation operators obey the following rules

() arexH=C {J @preX),

E€{Ri}ien E€{Ri}ien

U @rex9=C () apreco),

E€{Ri}ien E€{Ri}ien

() areXnY)= () apre)n () apre(y).
E€{Ri}ien E€{Ri}ien E€{Ri}ien

U @rexnvc |J @rexon |J aprey),
E€{Ri}ien E€{Ri}ien E€{Ri}ien

U @rexuyy= | arecou | @prey),
E€{Ri}ien E€{Ri}ien E€{Ri}ien

(| apreXuy)2> () apre(X)U (] apre(y).
E€{Ri}ien E€{Ri}ien E€{Ri}ien

U arexH=C ) @m0,

E€{Ri}ien E€{Ri}ien

(| areX9=C |J apre),

E€{Ri}ien E€{Ri}ien

U arexnvyc | arecon |J  apre(y).
E€{Ri}ien E€{Ri}ien E€{Ri}ien

(| @rexny)c () @reX)n [ @re(Y),
E€(Ri}ien E€{Ri}ien E€{Ri}ien

(| @re(xuy)2 () @re(X)u () apre(y),
E€(Ri}ien E€{Ri}ien E€{Ri}ien

U arecxuv)o | apreou | apre(y),
E€{Ri}ien E€{Ri}ien E€{Ri}ien

the semantics of the proposed logic Lps for multigranulation rough set is not decompositional. More precisely, the values
of (AVv B)x and (A A B)x are not always uniquely determined by the values of Ax and Bx. We cannot in general say in
advance which value in {0, %, %, %, 1} will be assigned to (A Vv B)x (or (A A B)x) by the interpretation to the formulas Ax
and Bx.

Owing to the above fact, the semantics of L,s cannot be defined using an ordinary logical matrix. A solution to this
problem is to use instead a non-deterministic logical matrix (Nmatrix), which is a generalization of an ordinary matrix
modeling non-determinism, with interpretations of logical connectives returning sets of logical values instead of single
values.
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Table 5 -
Semantics for —.
= 1 2 3
- 0 g i i 0
3 2 1
1 i i 3 1
Table 6
Semantics for V.
S 1 2 3
vV _0 3 i i 1
1 2 3
0 0 A 3 7 1
T Bt T Y B ¢ O 3.1 1
P 3 4y G3iu G
3 G G 3.0 1
1 1 1 1 1 1
Table 7
Semantics for A.
~ 1 2 3
A0 g i i !
0 0 0 0 0 0
i 0 {03 i 03 1
i 0 g 0.3.5 (34 1
3P0 o 3 .3 1
1 0 1 1 1 1

Definition 12 (/2]). A non-deterministic matrix (Nmatrix) for a propositional language L is a tuple M = (7, D, O), where:
e 7 is a non-empty set of truth values.
e #C D CT is the set of designated values.
o For every n-ary connective < of L, @ includes a corresponding n-ary function 3 from 7™ to 27 \ {#}.
Let W be the set of well-formed formulas of L. A (legal) valuation in an Nmatrix M is a function v: W — T that
satisfies the following condition:

v(eW, -+, ¥m) €SV, -, v(¥n)

for every n-ary connective ¢ of L and any v, .-+, ¢ € W.
4.3. Logic language for multigranulation rough set

The predicate language Ly for describing multigranulation rough sets uses only unary predicate symbols representing
sets, object variables, and the symbols —, v, A representing operations on predicates, i.e.,

Pi1={P,Q,R,-- -}, Py=0,n>2,

01={-},0:={U,N}, 0p =0,k >3,
where Py, Oy denote the set of k-ary predicate and k-ary connective.

Thus the set W of well-formed formulas of L5 contains all expressions of the form Ax, where A is a unary predicate
expression representing a set, built of the predicate symbols in P; and using the operation symbols —, v, A while x € V is
an individual variable.

The semantics of Ly is given by the Nmatrix M = (T, D, O), where T = {0, %
preted as set-theoretic operations on multigranulation rough sets. Their semantics a

2, % 1}, D=1{1}, and —, Vv, A are inter-
are given in the followmg proposition.
Proposition 6. (i) The semantic of =is given in Table 5,

(i) The semantic of ¥ is given in Table 6,

(iii) The semantic of A is given in Table 7.

Proof. (i) It suffices to show that || Ax ||,=1, %, %, %, 0 implies that || (=A)x ||,=0, }1 < % 1, respectively. We will consider
separately the following cases:

e || Ax |lv=1: According to (13), || Ax |[y=1 means that v(x) € [);cy aPTr; (|A]), which together with ();_y aprg,(|1A]) =
(Uien @7r; (JA[9)¢ implies that v(x) € (U;cy @PTr,(JAI9)C, that is, v(x) ¢ Uy @PTr,(I-Al), or in other words, v(x) €
CNeg(|—-A)), and therefore, || (—A)x ||y=0.

o || Ax|ly=3 ¢ According to (13), || Ax =3 7 means that v(x) € U;cy aprr; (IAD \ [Nien aPTr; (|A]). Since | J;ey aprg; (I=AD\
Nien a7, (1=AD = Uiy P, (A1) \ Nien @, (A1) = (Mic @07& (AN \ (Usen BT, (AD)C, which is also equal to
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Uien @7r; (1A]) \ Nien @PTr; (IA]), then we obtain v(x) € J;cy apTr; (IA]) and v(x) ¢ (;cn GPTR; (|A]), and hence, v(x) €
PNeg(|A)), ie., || (A)x = %.

The others can be shown similarly.

We also give the proof of the semantics for A by considering the following cases:

e 1A} =10, }}. According to the definition, || Ax ||, =  means that

v(x) € |_J apre, (IAD \ [ apTr, (|A]). (15)
ieN ieN

Similarly, || Bx |= }l means that

v(x) € | Japre, (1BD\ [T, (1B). (16)
ieN ieN
We can show that v(x) ¢ ();cn aPTR; (IA A B|) = (;en GPTR; (|A] N |B]) below. Indeed, suppose, on the contrary, that v(x) €
(Mien @Tr; (IA| N |B]), we then have from the monotone property of ();.y@prg, that v(x) € [y @PTr; (IA]) and v(x) €
(Mien @PTR; (I1B[), which, however, contradict with (14) and (15). This leads to the conclusion that only two cases, i.e., v(x) €
Uien @TR; \ Nien @PTR; and v(x) ¢ | J;cy GDTR;, are possible, that is, || (A A B)x | € {0, %}. The existence of these two values
is guaranteed by the following examples in the set-theoretic environment:

o1 U=1{1,2,3,4,5,6},U/Ry = {{1,2},{3.4}. {5, 6}}, U/Ry = {{1,3}, {2, 5}, {4, 6}}. Take A={1,4}, B={2,5} and x=6,
then a trivial computation shows that x € J;cy GPTr;(A) \ [jen @PTr; (A) and x € |J;cn @prr;(B) \ [icn aPTr; (B). However,
since AN B =0, we have x € ({J;cy apTr; (AN B))“.

e, U=1{1,2,3,4,5,6},U/R; = {{1,2},{3,4}, {5,6}}, U/Ry = {{1, 3,4}, {2,5}, {6}}. Take A={1,3},B={1} and x =2,
then a trivial computation shows that x € J;cy apTr; (A) \ (jen PTR;(A) and x € J;cy apTR;(B) \ Nicn GPTR; (B). Since AN
B = B, we therefore have x € | ;. Gprr, (AN B) \ (;cy @PTr; (AN B).

oo }17\% ={0, }l}. According to (13), || Ax |ly= % means that

v(x) € |_Japrr, (1AD \ (") @Fx, (1AD). (17)

ieN ieN

Similarly, || Bx ||,= % means that

v(x) €[ aprr, (1B \ | aprr, (IBD). (18)
ieN ieN

The detailed proof consists of the following steps:

(i) v(x) ¢ Nicn aPTr; (IAABI) =iy GPTr; (JA|N|B]). Suppose, on the contrary, that v(x) € ();cy @Tr; (|AIN|B]), then we
have from the monotone property of multigranulation approximation operator that v(x) € ();cy @GP, (|Al), which, however,
contradicts with (17).

(i) v(x) ¢ Uien aprr; (I1A A BD) \ Nien apTr; (JA| N |B]). This can be proved by using a similar manner as in (i).

(i) v(x) ¢ Nien @Tr, (1A A B) \ U;enaprr; (IA| N |B]). Suppose, on the contrary, that v(x) € (icy@PTr,(IA A BJ) \
Uien aprr; (IA| N |B]), then it follows from the monotonicity of multigranulation approximation operator that v(x) ¢
Nien cTrRi(lBl), which, however, contradicts with (18).

The above fact shows that || (A A B)x [|v¢ {3, 3,1}, that is, || (A A B)x [|y€ {0, 3}. Last but not the least, the existence of
these two values is guaranteed by the following examples:

ooy U=1{1,2,3,4,5,6},U/Ry = {{1,2}, {3, 4}, {5,6}}, U/Ry = {{1,3}, {2, 5}, {4, 6}}. Take A={1,4},B={1,2} and x =3,
then a trivial computation shows that x € ();cy @pTr; (A) \ Uiy aPTr;(A) and x € Uy @PTR; (B) \ (;cn GPTR; (B). However,
since AN B ={1}, we have x € | J;cy @Tr, (AN B) \ ey @Tr; (AN B).

eey U=1{1,2,3,4,5,6},U/Ry = {{1,2}, {3, 4}, {5,6}}, U/R2 = {{1,3, 6}, {2, 5}, {4}}. Take A={1,4},B={2,6} and x=3,
then a trivial computation shows that x € ();cy Gprr;(A) \ Ujcy aprr; (A) and x € J;cy @pTr;(B) \ (icn @PTr; (B). However,
since AN B =4, we have x € ((;cy @PTr; (AN B)). T

Indeed, it cannot be difficult to check that the “determinization” of Tables 6 and 7 are the three basic t-norms and
t-conorms: Godel, tukasiewicz and product. O

5. Concluding remarks

In this paper, a modest attempt is made to connect rough sets in multigranulation spaces to multiple-valued logics. By
means of the existing conjunctions on 3, various types of multigranulation rough set models have been derived. Moreover,
we present an axiomatic definition of decision-oriented aggregation operators on 3 from the viewpoint of three-way deci-
sion. These aggregation operators correspond to altogether 16 types of multigranulation rough set models. Comparatively,
these models have the advantage in embodying the idea of three-way decision. Furthermore, it is shown that the existing
rough set models in multigranulation spaces can be put into the framework of our paper, which means that they can be
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interpreted from the viewpoint of three-valued logic. We also give a five-valued semantic for multigranulation rough set
models.

These obtained results provide an analysis of the existing multigranulation rough set models, as well as generalize them
from the viewpoint of three-valued logics. We hope that the obtained results can bring new insights into establishment of
decision-oriented rough set models in the future. Moreover, as pointed out by one reviewer, the five-valued semantic in
Section 4 should be explored further. Future work also includes sound and complete, cut-free sequent calculi for the logic
Lmrs generated by the rough set Nmatrix.
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