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Incremental Feature Spaces Learning with Label Scarcity
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Recently, learning and mining from data streams with incremental feature spaces have attracted extensive attention, where data
may dynamically expand over time in both volume and feature dimensions. Existing approaches usually assume that the incoming
instances can always receive true labels. However, in many real-world applications, e.g., environment monitoring, acquiring the true
labels is costly due to the need of human effort in annotating the data. To tackle this problem, we propose a novel incremental Feature
spaces Learning with Label Scarcity algorithm (FLLS), together with its two variants. When data streams arrive with augmented
features, we first leverage the margin-based online active learning to select valuable instances to be labeled and thus build superior
predictive models with minimal supervision. After receiving the labels, we combine the online passive-aggressive update rule and
margin-maximum principle to jointly update the dynamic classifier in the shared and augmented feature space. Finally, we use the
projected truncation technique to build a sparse but efficient model. We theoretically analyze the error bounds of FLLS and its two
variants. Also, we conduct experiments on synthetic data and real-world applications to further validate the effectiveness of our

proposed algorithms.
CCS Concepts: « Computing methodologies — Online learning settings; - Theory of computation — Streaming models.
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1 INTRODUCTION

In many real-world applications, data are usually accumulated over time and collected from open and dynamic
environments[1], leading to the simultaneous increase of data volume and feature space. We refer this type of data as
data streams with incremental feature spaces, or trapezoidal data streams[2]. There are a few online learning approaches
that have been explored to learn from trapezoidal data streams[2-5]. Nonetheless, they all assume that the labels of data
streams can always be received, which does not always hold in practice. For example, as shown in Fig. 1, to monitor
environmental quality, different types of sensors are continuously installed, the volume and feature dimension of data

simultaneously increase due to the continuously installed sensors, and each instance needs to be labeled by experts,
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2 Shilin Gu, Yuhua Qian, and Chenping Hou

which results in the expensive costs and scarcity of labels. Besides, it’s not always informative or necessary to query

every instance’s label in many cases, e.g., if the model correctly predicts the instance’s label with a high confidence[6].

Initial sensors .
Newly installed
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2 ; d g 3
@ 3
: g
e g
A 4 =" 1S [

Environment Monitoring

Fig. 1. lllustration of the setting arising from a real application. As time evolves, different types of sensors are installed to monitor
environmental quality. Each row represents the instance composed of features that are collected by all current sensors. Therefore,
the volume and feature dimension of data streams simultaneously increase over time. Besides, each instance needs to be labeled by
experts, resulting in expensive costs and scarcity of labels.

Trapezoidal data streams learning with scarce labels faces much more difficulties than current online learning
problems because the three important aspects of data: volume, features, and labels, are all different from traditional
learning settings at the same time. There are two main challenges, one is how to lift the restriction that all instances
must be labeled and how to effectively extract useful information from the very limited labeled instances to build a
superior classifier; the other one is how to design a model update strategy with high dynamicity such that the model
can adapt to the continuous expansion of the feature space and mine useful information. For the first challenge, a
line of research, which we call online active learning and online semi-supervised learning, has been explored to learn
from data streams with scarce labels[6-11]. For the second challenge, another line of research, which aims to learn
data streams in dynamic feature spaces[12-16], has been explored to relax the constraint that the feature space of all
arriving instances must be fixed. Unfortunately, the above two lines of research cannot be directly applied to handle
trapezoidal data streams with label scarcity because their model update criteria are designed either in the case of scarce
labels or in the case of dynamic feature spaces, without considering both at the same time. The goal of this paper is to
fill this critical gap.

A simple and straightforward approach is to take advantage of the newly obtained labeled instance and learn a new
model for classification. However, this approach may have two deficiencies. First, the newly coming data with the
same feature space are usually scarce, which might be insufficient to build a superior predictive model. Second, the
newly built model ignores the previously collected data, which can not fully exploit the information from historical
data streams.

To solve the above two deficiencies, we propose a new incremental Feature spaces Learning with Label Scarcity
algorithm (FLLS), together with its two variants FLLS-I and FLLS-II. We aim to effectively exploit the information of data

streams with different feature dimensions and build a powerful predictive model with minimal supervision. Specifically,
Manuscript submitted to ACM
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Incremental Feature Spaces Learning with Label Scarcity 3

when data streams arrive with augmented features, we first determine whether to obtain the current instance’s label
from an oracle based on the margin-based online active learning strategy, i.e., the probability of actively querying
the label of current instance is inversely proportional to the predictive confidence of the current model. If the label is
not queried, the model keeps unchanged; otherwise, the model jointly updates the dynamic classifier in shared and
augmented feature space by combining the passive-aggressive update rule and margin-maximum principle. Finally, we
use the projected truncation technique to build a sparse but efficient model. Theoretical and empirical studies validate
the effectiveness of our proposed algorithms.

It is worthwhile to summarize the main contributions of the proposed approach as follows.

(1) We propose a new algorithm FLLS and its two variants to handle trapezoidal data streams with label scarcity,
where the volume and feature dimension of data streams simultaneously increase, and the labels of data streams
need to be actively acquired from an oracle. To the best of our knowledge, it may be the first work that is specially
designed for this kind of data streams.

(2) We design a novel strategy to learn a highly dynamic classification model from trapezoidal data streams with
minimal supervision. Besides, we theoretically analyze the error bounds of our proposed algorithms.

(3) Extensive experiments on both synthetic datasets and real-world applications validate the effectiveness of the

proposed algorithms.

The remainder of this paper is organized as follows. Section II introduces related work. The proposed algorithms are
presented in Section III. Section IV provides a corresponding theoretical analysis. The experimental results are reported

in Section V. The conclusion is in Section VI.

2 RELATED WORK

In this paper, we aim to learn a classification model from trapezoidal data streams with scarce labels, which is mainly
related to online learning from dynamic feature space and online learning with label scarcity. We mainly review the

related work of this paper from the above two aspects.

2.1 Online Learning from dynamic Feature Space

The dynamic feature space means that the feature space of data streams keeps changing. The most relevant to our
work is trapezoidal data streams learning, where the volume and feature dimension of data simultaneously increase.
Zhang[2] is the first to deal with trapezoidal data streams. She proposed OLgr with its two variants. Specifically, Zhang
first divides the features of the current training instance into historical features and new features. Then a classifier
updates historical features and new features by following different update rules. Recently, a few works have been
proposed to handle feature evolvable data streams, where features would vanish or occur over time. For example,
Hou[3] proposed the FESL algorithm, it first recovers historical features by a mapping function learned in the period
where both historical features and new features exist, then it learns two models from features of the above two parts,
respectively. Finally, ensemble learning is used to make the final prediction. Based on FESL, literature[1, 12] conducted
in-depth exploration and expansion of FESL scenario and proposed EDM and PUFE algorithms respectively. EDM[1]
handles data streams with evolving distribution and feature space by utilizing a discrepancy measure, and presents the
generalization error analysis. PUFE[12] leverages an online matrix completion technique to deal with the case where
historical features would vanish unpredictably. In addition, there are two methods OLVF[17] and GLSC[18] studying
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4 Shilin Gu, Yuhua Qian, and Chenping Hou

more complex dynamic changes of feature space. They assume that the features of arriving instances can arbitrarily

occur or vanish.

2.2 Online Learning with Label Scarcity

Existing works of online learning with label scarcity can be divided into two groups[6]. The first group is online semi-
supervised learning. The core is to fully exploit the continuously received unlabeled and labeled data for learning tasks.
Manifold regularization[19] is a major framework in online semi-supervised learning (e.g.,Riemann manifolds[20-22]),
it simultaneously minimizes the prediction loss on the labeled data and the prediction differences on the unlabeled data
[6]. In other words, instances located in a neighborhood region tend to be classified into the same class, which leads to
the propagating of label information.

The second group is online active learning and our approach belongs to this group. At each round, when a new
unlabeled instance arrives, the online active learning algorithms first decide whether to query the instance’s label
by certain criteria; once the label is queried, the learning algorithms can update the current model by leveraging the
labeled instance; otherwise, the model will not be updated[6]. The current literature on online active learning contains
two mainstream solutions. The first solution is "selective sampling", which adapts current classical online learning
approaches for active learning by drawing a Bernoulli random variable[23-26]. The second solution is "learning with
experts’ advices"[27-29], where the model contains a set of experts, and it queries the instance’s label based on the
degree of discrepancy advised by these experts[30]. Both of the above solutions reveal that the instance’s label is only
queried when it meets certain conditions, for example, the predictive confidence of the model is below some threshold.

However, all these above algorithms either assume that all the instances arrived are fully labeled, or assume that the
feature space of entire data streams is fixed. Recently, only two works, AGDES[31] and SF?EL[13], are developed to
support both. They belong to online semi-supervised learning and both of them simultaneously handle data streams
with variable feature spaces under incomplete supervision. Different from our setting where whether the current
instance can receive a label is determined by the current instance and the classification model updated in the previous
round, AGDES and SF2EL assume that whether the current instance has a label is determined in advance. Thus, the

technical challenges and solutions are different.

3 OUR PROPOSED APPROACH
3.1 Notations

We consider a task of binary classification on data streams with incremental feature spaces and scarce labels. Let
{x¢|t = 1,...,T} denote an input training sequence, where x; € R9: represents the instance vector of d; dimensions,
ds—1 < dy. wy € R9-1 denotes the classifier built at round ¢ — 1. wy € R% is a vector with all elements being zero. As
illustrated in Fig. 2, at each round ¢, when an instance x; carrying new features arrives, we divide the feature space
into two groups: shared and augmented features. The shared features contain the same features as the instance x;_1
at round ¢ — 1, the augmented features are only contained by the current instance x;. We denote the projection of an
instance at round t onto the shared feature space as x? and augmented feature space as x?, ie., Xy = [xf, x‘tl]. It also
applies for the projections of other vectors such as classifier [w3, w¢].

To make clear description, we denote by Ily,x;+1 a vector of d; dimension, it consists of elements of x;41 which

are in the same feature space of x;. Similarly, we denote by II-x,x;+1 a vector of d;+1 — d; dimension, it consists

Manuscript submitted to ACM
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Incremental Feature Spaces Learning with Label Scarcity 5

of elements of x;+1 which are not in the feature space of x;. Therefore, we can derive that x; = Iy,  x; = Ilw,X;,

a — — S a
xy = Ilx, Xt = [w, X¢, W3 o

The notations are listed in Table 1, we explain their meanings when they are first used.

+1 = Hw,Weer, Wi = How, Weir.

Feature Evolution

Initial Augmented Augmented Label
Features Features Features
X1 Q
. Shared Features .
Ty
QUJ Xz, Augmented Features NQ
=) L
o X741 X 41
|'<I'I TQ 7 :
=
o
=]
5 a
X7 141 X741
Tk 3 : :
xt

Fig. 2. FLLS notations. As time evolves, features and instances dynamically expand. The green and blue areas represent the shared
features and the augmented features, respectively. x7 and x§ represents the projection of instance x; in the shared and augmented
feature space, respectively, t = 1, . . ., T. "Q" means query the label, "NQ" means not query the label.

3.2 The Proposed Algorithm

We develop a new algorithm FLLS and its two variants in this section to handle data streams with incremental feature
spaces and scarce labels. The difference between FLLS, FLLS-1, and FLLS-II is the model update strategies. Therefore, we
first introduce the basic algorithm FLLS.

For instance x; arrived at round t, we first compute its prediction margin by the current classifier w;. Since the
feature space of data streams keeps expanding, the dimension of x; and w; may be different. Thus, we redefine the

prediction margin as follows,
qr = wi - Iw, Xt = We - X3, 1

where q; can be regarded as the predictive confidence. Whether to query the label of x; is decided by §; € {0, 1}, which
is a Bernoulli random variable, the probability of §; = 1is p/(p + |q¢]), p = 1 is a smoothing parameter. The idea of
the above strategy is inspired by margin-based active learning, we decide whether to query the label of an instance
according to its importance in building a classification model. This importance is determined by the prediction margin
of the current classifier, i.e., g;. However, in online active learning, we may face the problem that the current classifier
is unreliable, especially in the first several epochs. There are not enough instances to train a reliable classifier since the
instances come in an online way. If we directly decide to query the label based on q;, we may make a wrong decision.
To alleviate the above problem, similar to the strategies in traditional works[6, 9, 24, 25], we also introduce the Bernoulli
random variable §; € {0, 1} into our model. It can shake our decision with a certain probability. Even when the current

Manuscript submitted to ACM
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6 Shilin Gu, Yuhua Qian, and Chenping Hou

Table 1. Notations

Notations  Descriptions Notations Descriptions

Wy w; € R4-1, w; € R%, classifier built at round Wi A vector consisting of elements which are owned
t—1 by both w1 and w,

C C > 0, penalty cost parameter, tradeoff in the | w{,, A vector consisting of elements of w;,; that are
optimization problem of FLLS-I and FLLS-II beyond the feature space of w;

&} hinge loss on instance (x;, y;) based on the classi- | W41 intermediate variable of w4, after the update op-
fier u € R9T eration

x; A vector consisting of elements which are owned | W4 intermediate variable of w;,; on the L ball with-
by both x; and x;_; out truncation

x¢ A vector consisting of elements of x; that are be- | Ily,,,/w,u A vector which consists of elements of u that are
yond the feature space of x;_1 in the feature space of w;1 but not w,

Ty learning rate variable My, Wes1 Equivalent to the definition of wy_;

T T € N, total number of obtained instances ow, Wit Equivalent to the definition of Wfﬂ

4 hinge loss on instance (x¢, y;) Xz x; € R4 the instance obtained on round ¢

u u € RIT, arbitrary vector in RAT d; d; < dy41, dimension of instance x;

S5 8¢ € {0, 1}, Bernoulli random variable dyw, dimension of w;

& slack variable yr yr € {—1, +1}, true label of x,

B B € (0, 1], ratio of reserved features Uy J: € {-1, +1}, predicted label of x,

classifier makes a wrong prediction, we may still make the right choice due to the randomness. Moreover, using the
Bernoulli random variable has been proven effective and reliable in many real-world applications, such as personalized
recommendation, medical diagnosis, and malicious URL detection in literatures [6, 9, 24, 25].

There are two cases for &;, if §; = 0, the algorithm FLLS will not ask oracle for querying the instance label and thus
the model keeps unchanged; if §; = 1, the label of x; will be revealed by an oracle and FLLS will suffer an instantaneous
prediction loss £;(w¢, (X¢,y:)), where y; € {-1,+1}. Then it’s able to exploit the potential of the newly achieved
instance-label pair (x¢,y;) to update the classification model.

We choose the hinge loss as the loss function, i.e., £(w, (x¢, y;)) = max{0,1 — y;(w - x;)}, where the dimension of w
and x; are the same. The main reasons why we chose the hinge loss are as follows. First, hinge loss is widely used in
many literatures. It is specifically designed to solve the binary classification problem, which fits well with our binary
classification setting. Second, in optimization, the application of hinge loss makes the updating of our models simple
and effective. Finally, hinge loss can make the proposed algorithms have nice theoretical properties, which will be

stated in detail in Section 4. Particularly, the instantaneous prediction loss £;(w¢, (x¢,y;)) is defined as
O =L (wy, (x4, ) = max{0, 1 — ys(w; - x3)}. (2)

To update w; with (x;, y;), we adopt the online passive-aggressive learning idea proposed in [32] and [2]. Specifically,

at round ¢, the newly updated classifier w;4; € R will be composed of two parts, which can be written as w;41 =

[w},;> Wi, ], where wj_ | € R4-1 and wi € R4 =41 The role of w3, is to update shared features and inherit
information from w;, and the role of w{_, is to update augmented features. Therefore, the update of w; can be

S

transformed into the update of wj

and w{,; by optimizing the problem in (3)

W41 = argmin lst _thz i %HwaHZ’
o ®

s.it. L(w, (xt,yt)) =0.
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Incremental Feature Spaces Learning with Label Scarcity 7

where w € Rd’, {(w, (X¢,y;)) is the prediction loss of w on x;, which is,
0w, (x¢,yr)) = max{0, 1 -y, (W* - x3) — yr (W - x{)}. (4)

From Eq. (3) and (4) we can derive that the solution to the above problem is the projection of w onto the set of all
weight vectors that obtain a loss of zero. On one hand, if the label prediction of existing classifier w; for the current
instance x; is correct, ie., {; = max{0,1 — y;(w; - x§)} = 0, the resulting algorithm is passive, that is, w* = wy,
w4 =(0,...,0),and wy1 = [wy,0,...,0].

On the other hand, if the label prediction of w; for the instance x; is incorrect, i.e., £y = max{0,1 —y;(w; - x3)} > 0.
The algorithm aggressively updates classifier to meet the constraint in Eq. (3). It attempts to keep wy; as close to w; as
possible to acquire information from w; and let the norm of w{,; be as small as possible to avoid over-fitting. The
Lagrangian of (3) is

1 s 2 1 all2 s s a a
L(w,7)= EHW - W[H + E”W ” +7(1 -y (w® - x§) — y: (W - x7)). (5)
where 7 > 0 is a Lagrange multiplier. If we take the derivative of £ with respect to w* and w*, and set them to zero,
we can achieve the following results
Vws(L)=w' —wy —tyx; =0 = w° =w; + 1ysx},
(6)
Vwa(L)=w —ty;xf =0 = w®=ry,x}.
To get the value of 7, we introduce the KKT conditions[33]. Since w*® = w; + ry;x§, w? = ty;x{, we plug these two
equations into Eq. (5) and take the derivative of £(7) with respect to 7 and set it to zero, we can achieve
15 2 14 2
£ = =Ll = et £ cuntoe 5,
L= yelwexd) 4 ")

v (£)=0 = T = — )
' TR Tl

Thus, the general update strategy of FLLS is W41 = [Wy + 7y, X5, T4y X7 |, where 7; = 4 /||x; II%.

Eq. (3) needs the newly updated model to correctly predict the label of the current instance, which makes the model
of FLLS rigorous and sensitive to noise[34]. To solve this shortage, we adopt the soft-margin strategy and introduce a
slack variable ¢ into Eq. (3), and then propose two variants of the FLLS algorithm, i.e., FLLS-I, FLLS-II. The objective
function of FLLS-I is,

Weer = argmin ~|[w® - wilf + < |[wa|? + C,
welart ] 2 2 ®
sk, O(w,(x¢,yp)) < EE>0.

where C > 0 is a tradeoff between rigidness and slackness. The update step will become more rigid as the value of C

increases. The objective function of FLLS-II scales quadratically with &,

1 1
W41 = argmin —||wS - W[Hz + —||W“”2 + C§2,
s.t. [(W’ (Xtayt)) < g’f 2 0.
Due to the space constraints, we omit the details of the optimization of FLLS-I and FLLS-II since they are similar to

FLLS. FLLS-I and FLLS-II have the same closed-form of update strategy as FLLS, i.e., W;+1 = [Wy + 7y X}, 11y x$ ] In
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8 Shilin Gu, Yuhua Qian, and Chenping Hou

general, the step size 7; of the three proposed methods are:

e/l ]1? (FLLS)
r; ={ min (c, f:/||Xt||2) (FLLS - T) (10)
é’t/(llxtn2 + 1/(2C)) . (FLLS - II)

3.3 The Sparsity Strategy

As the feature space of data keeps expanding, the dimension of w; will increase rapidly. To control the maximum
dimension and improve the memory usage and running efficiency, once the model is updated, we further conduct
projection and truncation on this model based on B € [0, 1] to filter out redundant features. Here we stipulate that only
at most a ratio of B elements of classifier w; € R% are nonzero, which means lwellg < B-dy. ! Since B - d; is usually

not an integer, we use floor(B - d;)? instead of B - d;.

Algorithm 1 The proposed algorithm FLLS and its two variants FLLS-I and FLLS-II

1: Input: smoothing parameter p > 1, penalty parameter C > 0, regularization parameter A > 0, ratio of selected
features B € (0,1];

2: Initialization: w; = (0,...,0) € R,

3: fort=1,2,...,T do

4 receive X; € Rd’;

5. setq; = wy - Ilw, Xy, predict §; = sign(q;);
6:  draw a Bernoulli random variable §; € {0, 1} of probability p/(p + |g:);
7: if (St =1 then
8: query the label of x;: y; € {-1,+1};
9 suffer loss €; (w;) = max{0,1 — y;(w; - IIw,x4)};
10: model update
11 compute 7; according to Eq. (10);
12: update model: W;4+1 = [Wy + 74X}, 11y XF;
13: model sparse
14: project W41 to a L1 ball according to Eq. (11);
15: truncate w;+1 and obtain wy1:
16: W41 = truncate(W; 1, B) (See Algorithm 2);
17: else
18: Wil = Wy
19:  endif
20: end for

If we directly select the smallest weights from the classifier W; and set them to zero, it may perform poorly because
the result of the dot product is suddenly changed, besides, we can not be sure that the numerical values of the ignored
features are small enough. Therefore, we need a projection step before truncation. Usually, we project the classifier to
an L; ball, through this way, most numerical values of classifier w; are concentrated to the largest elements, so setting
the smallest weights to zero will not result in a sudden change. Here is the projection,

. . A _
Wil = min g1, ———— Wy, (11)
(IWes1lly

!|lal|y is equal to the number of non-zero elements in the vector a.
2floor(a) is equal to the largest integer smaller than a.
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Incremental Feature Spaces Learning with Label Scarcity 9

Algorithm 2 w = truncate(w, B)

1: Input: W € R% B e (0,1].

2. if ||W||g > B - dy, then

3. retain max{1, floor(B - dg,)} largest elements in W; set the rest elements in W to zero. We denote by WP the
corresponding vector. Then w = wB

4 else

5: wW=wW

6. end if

where 1 is a positive regularization parameter. With a ratio of B, we truncate the smallest elements from the classifier
W41 and obtain the final classifier w;41. This strategy helps to truncate the redundant features. The overall procedure

of our methods is given in Algorithm 1 and Algorithm 2.

4 THEORETICAL ANALYSIS

We analyze the error bounds of FLLS and its two variants theoretically. In the following analysis, four theorems discuss
the upper error bounds of the proposed algorithms in the linear separable and non-separable cases, and the lemma is
the crux to prove the above four theorems.

For clarity, we use the notations: ¥ = {t|t € [T],§; # y:}, and G = {t|t € [T], 9 = ys, €+ (Wy; (X, yz)) > 0}. where
[T] denotes {1, 2,...,T}.

LEmMA 1. Let (x1,y1), .. .,(XT,yT) be a sequence of obtained instances, where x; € Rd’, di—1 < dt, yr € {-1,+1},
t=1,...,T. Let 7; be the step size for FLLS, FLLS-I and FLLS-II as given in Eq. (10). The following bound holds for any
u e RIr

T T

T
72607 (G (0 = 1qe) + Fr (0 + 1qeD] < 0*l[ull® + " 2lixell® + > 20747 (u). (12)
=1 t=1 t=1

where Fr = I;eF), Gt = Izeg), L is an indicator function, and 6 > 0, £y (1) = max (0, 1-y; (thu . xt)).

Proor. Define A; = ||wt - HHWtuH2 - ||Wt+1 - HHWMUHZ. Thus }; A; collapses to

T T

ohe= 3 (lwe = 0, u* = [[wes - 6Ty, )

t=1 t=1 (13)

= le - 9HW1u||2 - ||WT+1 - HHWTHul 2
where HWT+1 - 91'IWT+1u||2 > 0 always holds and wy = (0,...,0) € R, Thus, we have

T
2 < 0 19
t=1

Then we prove the following inequality always holds

(2G1811 (0 — qe]) + 2F1 87 (0 + 1qe]) < A + t2lIx||* + 207, (u) + 0% 1T u||2. (15)

Wil /Wy

To prove the above inequality, we enumerate all the possible cases of &;, Fr, G; and have the following discussions:

Case 1: if §; = 0, the inequality (15) holds since w; = w41 and 7; = 0.

Case 2:if §; = 1 and F; = 0, the label of x; is queried and the predicted label j; = y;. Here are two sub-cases:
Manuscript submitted to ACM
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10 Shilin Gu, Yuhua Qian, and Chenping Hou

Sub-case 2.1: if G; = 0, we have {; (w;) = 0, thus 7; = 0, w; = wWs41. According to Case 1, inequality (15) holds.

Sub-case 2.2: if G; = 1, we only need to pay attention to rounds which have ¢; (w;) > 0. Note that W;4; =
[we+7:y:x5, 71y x?], and the fact that W1 < Wpe1 and Wegq < Wear, wehave iiq < Wepq and [[Wep |2 < [[Weia ]2
Also, ||w4+1 — 9Hw,+111”2 —||Wee1 - 9Hw,+111||2 = 0% lwir1ll? = 021wl - 260 |Mw,,, 0] (Wes1ll = Iwesa]) < 0, we

have ||wt+1 - 0HWZ+1“||2 < H\Xrtﬂ - GHWMUHZ. Then
Ay = ”wt - QIIW,u”2 - ||wt+1 - 19HWMu||2

> [we — 0wl = 21 — 011, uf?

= [we = 01wl = [[we + zrye T, xe = 01w, = [freye o, x0 = 010y, o ulf (16)
= 274y (GHwtu - wt) My, x¢ — TtZ”Hwtxt”Z - ”Ttytl'[_.wtxt - GHWHI/thHZ
=214 (Hytl'lw[u My, xp + Qy,HWM/wtu . Hﬂwtxt) —211ys willy, X — 1't2||xt||2 - 92||HWH1/‘,WU||2
According to definition, we have My, x; = Iy, /w,Xt, ||Htht||2 + ||H_.tht“2 = ||x¢||?. Since ti(u) > 1~
Yr (thu . xt), we have y; (Hwtu . Hw,Xt) +y; (Hw,+1/w,‘1 . HWM/W[X;) > 1 —¢; (u). Then we have
Ar + 22Nl + 20265 (0) + 6Ty, jw, vl = 22 (0 — yew T, x¢) (17)

Since F; = 0 and G; = 1, it implies that ¢; (w;) > 0 and 0 < y;w; - I, X; < 1. Therefore, inequality (15) holds:
% 2
Ay + 2% 1 + 207,65 () + 62|y, ., jw, | > 272 (0 = lge]) (18)
Case 3:if §; = 1 and F; = 1, the label of x; is queried but the predicted label §j; # y;, thus G; = 0. Similarly, we have

Ay + T?HXtHZ + 20765 (u) + 92“H u“2 > 214 (0 - yrwilly, x;) (19)

Wil /We
Since F; = 1, it implies that y; w; - IIy,x; < 0 and —y;w; - Iy, x; = |q¢|. Therefore, inequality (15) holds:
2
Ap + 2 x| + 20765 () + 04||Ty,,, jw,ul|” > 220 (0 + lqe]) . (20)

Since inequality (15) always holds, we sum both sides of inequality Eq. (15) for t = 1,...,T and have

T

T T T
Z (2Gt6¢t1 (0 = |qe]) + 2F10¢7 (0 + |ge 1)) < Z Ay + Z (Tt2||xt||2 + 207} (“)) + Z 92”Hwt+1/wtu”2
=1 =1 =1 =1

T T
< 6w u* + > 03[0y, o, + D (Tt2||xt||2 + 2000 (u)) (21)
t=1 t=1

T T
= 0%l + > cfllxel® + " 2075 (w)
t=1 t=1

The lemma is proved. O

With the help of Lemma 1, we can continue to prove the following four theorems, which discuss the upper error
bounds of the proposed algorithms in the linear separable and non-separable cases. First we derive the expected error
bound for FLLS in the separable case, i.e., for any t € [T], we assume that there exists vector u € RIT such that
yr(IIx,u-x4) > 1.
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521 THEOREM 1. Let (X1,y1),...,(XT,yT) be a sequence of obtained instances, where x; € R% d, 4 < d;, yr € {-1,+1}

o2 and ||x¢|| < R for all t. Assume that there exists a vectoru € RYT such that 7 (u) = 0 for all t. Then the expected number

of errors made by FLLS is bounded by

523

524
525 T T
EY B SELY Felr(wy)] < —(p + 5+ )l (22)
527 t=1 t=1
528 Setting p = 1, we can achieve the following upper bound:
: .
E[Y Fi] <BLY. Fely(w)] < R¥|ul®. (23)
) =1 t=1
532
533
534
535
%0 Proor. Combining £} (u) = 0 for all ¢ and the result of Lemma 1, we can get
537
538 T T
> 2607 [Gr (0~ lqel) + Fo 0+ lqel)] < 02l + > el (24)
540 =1 t=1
541 Inequality (24) can be further reformulated as:
542 T T
o 0*lull® > )" 26,7[Ge(0 ~ lqr]) + Fo(0 + la:D] = ) o7 llxe |
) t=1 t=1
545 T
16 T T
= > 28:12(Ge(0 — lge| = —IIx %) + Fe(0 + qe] = = Ixe[1%)]
547 P 2 2
548 T
) w O (w
w = Y 28ml6u(0 ~ lael - ) 1 R0 + hgul - L)
550 —~ 2
551 T y q y q (25)
5: tqt —Ytqt
= 1 28,1[Gr(0 — lqi| - —="1) + Fy(0 + i | - —=0)]
553 = 2
:: S 1—1g¢] 1+ 1g¢]
=225m[6t(9—|q:|— )+ Fr(6 + gt | - )
556 P 2 2
557 T
+ -

- = ; 2G8yme(0 - 'q” — )+ Z 2F; 8121 (0 - %).
i:) If we set 0 = (p +1)/2, p > 1 and plug it into inequality (25), we have
562 T

1+
(2P = ) Federe(p + Ipel) (26)
564 t=1
9 Note that when G; = 1,[g[ € [0,1),[0 = (1 + [q:[)/2] = (p = 1g¢])/2 > 0, and [0 — (1 = |q:])/2] = (p + |q:])/2.
i(’j Plugging £;(w;)/|Ix¢]|? = €:(w;)/R? into inequality (26) we have:
56
568 1+
(LRl 2 — ZF:rS:ft(W:)(p +lqe). (27)
570

571

572 Manuscript submitted to ACM
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12 Shilin Gu, Yuhua Qian, and Chenping Hou

Theorem 1 can be proved by taking expectation with inequality (27)

T T
1 1
E[ﬁ Z Fedelr(we)(p + |qe)] = E[ﬁ Z Frle(we)(p + |q:1)E(S:)]
t=1 t=; (28)
1 p+l,. o
= EE[p;th)] < ()l
Theorem 1 is proved. O

As can be seen from Theorem 1, the upper error bound is proportional to R and inversely proportional to 1/|u]|?,
revealing the consistency with existing research[32]. The deficiency of Theorem 1 is the assumption that there exists a
vector u € R9T such that £y (u) = 0 for all t, which means the classifier u can perfectly separate the data streams. In
Theorem 2, we further extend the above case and assume that £; (u) = 0 may not always hold for all ¢. Besides, we

assume that [|x;||? is normalized, i.e., ||x;]|? = 1. Then we have the following expected error bounds for FLLS algorithm:

THEOREM 2. Let (X1,y1), ..., (XT, yT) be a sequence of obtained instances, where x; € RY, d;_1 < dy, yr € {-1,+1}
and ||x;||? = 1 for all t. For any vectoru € R9T | the expected number of errors made by FLLS is then bounded by

T T
1 1 1 %
B Rl <+~ 2l + (- + ) g, (29)
t=1 4 P P t=1
Setting p = 1, we can achieve the following upper bound:
T T
B[R] < full?+2 ) £ (uw). (30)
t=1 t=1
Proor. According to the result of Lemma 1, we have
T T T
O%lul®+ > 2076 (w) > > 26:7:(Ge(0 = g2 ) + Fr(0 + lqe )] = > oflIxe ||
=1 =1 =1
o T, T,
t t
= Z 26:71[G (0 — lq:| - E”xtnz) +Fr(0+qe| - EIIXrIIZ]
t;I (31)
O (w O (w
= " 28,7(Ge(0 — lge| - %f)) + Fr(0 + g | - %)1
t=1
T T
1 1-
= ) 26,80 (0 - 1*ladd, | > 2Fibyni(0 - 1-lad )
2 2
t=1 t=1
Similarly, plugging 6 = (1 + p)/2, p > 1 into (31), we have
p+1 T T
(=Ml Y (p+ Dt (w) 2 ) Fedime(p + g, (32)
t=1 t=1
Since ||x;||? = 1 and 7; = &;/||x||?, we have 7; = £;. Thus we can rewrite it as
Pl T T
(= PllullP+ 3 (p+ D6t (w) = 3 Fedelelp+ Ipe)). (33)
t=1 t=1
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Incremental Feature Spaces Learning with Label Scarcity 13

Note that when F; = 1, it means FLLS made a wrong prediction, then we have y; (wt . Hw,Xt) <0and{; (wy) > 1.

Divide both sides of the inequality by ¢; implies:

C pt1,ul’? o
D ESp+la) < o)+ (o4 )Y 6 (w)
t=1 2 ft t=1

T
<Pl + o+ )Y 6 ()
t=1

Theorem 2 can be proved by taking expectation with the above inequality. O

The deficiency of Theorem 1 and 2 is the assumption that the training data is linearly separable, which is inconsistent
with most situations in reality. FLLS-I and FLLS-II are more suitable in practice by introducing £, the difference between
FLLS-I and FLLS-II is their model update strategies, the former scales linearly with ¢ and the latter scales quadratically
with £. Therefore, the expected error bounds for FLLS-I and FLLS-II algorithms are further derived to adapt to the

linearly non-separable situations.

THEOREM 3. Let (x1,y1),...,(XT,yT) be a sequence of obtained instances, where x; € R d,_4 < d;, yr € {-1,+1}
and ||x¢|| < R for all t. For any vectoru € R9T  the expected number of errors made by FLLS-I is then bounded by

T T
pt1 "
LY il < AIC 5 PINIP + 9+ 106 ) 55)
where f§ = % max{%,RZ}. Setting p = 1, we can achieve the following upper bound:
T T
E[Y" Fi] < Blllull” +2C ) ¢ (w). (36)
t=1 =1

PROOF. According to the definition of 7; in FLLS-I algorithm, we have 7, < €;(w;)/||x¢||%, so 7¢||x¢ |2 < €¢(wy).

Besides, according to the result of Lemma 1, we have

T T T
O llull*+ )" 207,65 (w) = )" 28:74[G(0 — |qe]) + Fr(0 + |ge ] = D 7flIxe 1
t=1 t=1 t=1
I T T,
t t
= D 20rm(Ge(0 ~ lqe] = %) + Fe(0 + lqe] — %]
t? (37)
O (W O (W
> 25211610 ~ larl - LX) 1 Fy(0 4 1qo1 - L))
pi 2 2
T T
1 1-
= > 26,80 (0 - 1¥lad), > 2F6rm(0 - lacl
2 2
t=1 t=1
Similarly, plugging 6 = (1 + p)/2, p > 1 into (37), we have
p+1 T T
(= PllulP+ 3 G+ Dl (w) 2 ) Fedime(p + lge). (38)
t=1 t=1
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14 Shilin Gu, Yuhua Qian, and Chenping Hou

Note that when F; = 1, it means FLLS-I made a wrong prediction, then we have y; (wt . lext) <O0and{; (ws) > 1.

So 74 = min{C, %} when F; = 1, and we have:

T T
p+1 % . 1
EZ2R2 02+ Y (0 + D et (0) > min{C. =5} > Fede(p + lgel). (39)
2 t=1 R t=1
Theorem 3 can be proved by taking expectation with the above inequality. O
THEOREM 4. Let (x1,y1),...,(XT,yT) be a sequence of obtained instances, where x; € Rd', di—1 < di, yr € {-1,+1}

and ||x¢|| < R for all t. For any vectoru € R4T  the expected number of errors made by FLLS-II is then bounded by

T
ZFt PRl + 202 Y 6w, (40)
t=1

wherey = R? + % Setting p = 1, we can achieve the following upper bound:

T T
BLY, il < (R + 5 0)lIulP +20 ) G (@)

- 2 2 T * _ vT PN
Proor. First we define O = 62||ul|® + Zt N 2|1x¢ | + X 200l (0), P = X, 9(\/2%7 - V2C0(;(u)) and
Q = 02||lu® + Zt 1T 2(|lxe 1% + 2C) + ZT 2C92€*(u)2, it can be easily verified that O < O + P = Q. Then according

to the result of Lemma 1, we have

T
D207 [Ge (0= lqel) + Fr (0 + la: )] < Q. (42)
t=1

We reformulated the above formulation as:

T T
0% [[ull®+ > 2CO% ;)% = )" 28,74[Ge(0 — g ) + Fe(0 + lqe D] = 27 (lIxe|1* + —)
t=1 t=1

- Lt lgel |qt| w
= ; 2G:6rm1(0 — — Z 2,87 (0 — — 110
Similarly, plugging 6 = (1 + p)/2, p > 1 into (43), we have
E e+ 3208 s = S Ebito + ai). (44)
2 2

t=1 t=1
Note that when F; = 1, it means FLLS-II made a wrong prediction, then we have y; (Wt . Hwtx;) <O0and {; (wy) > 1.

Sor > R®+ % when F; = 1, and we have

T
) > Fedelp + lael). (45)

T
p+1, 2 Pl (2 - -
(==Yl +;ZC<—2 PG G e &

Taking expectation with the above inequality will conclude theorem 4. O

5 EXPERIMENTS

First, we give an introduction to the datasets and compared methods used in this paper along with the general settings.
Then we present the experimental results on synthetic data sets and real-world applications.

Manuscript submitted to ACM



729
730
731
732
733
734
735
736
737
738
739
740

742
743
744
745
746
747
748
749
750
751
752
753
754

756
757

759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779

780

Incremental Feature Spaces Learning with Label Scarcity 15

5.1 Data Sets and General Settings

We conduct our experiments on twelve data sets from UCI Repository® and LIBSVM Library*, and two real-world data
sets which are rcv1[35] and RFID[3]. The details of the 14 data sets used in our experiments are listed in TABLE 2.

Table 2. The details of experimental data sets.

Dataset #Inst. # Feat. | Dataset | # Inst. # Feat.
air 210 64 splice 3175 60
vote 435 16 kr-V-kp1 | 3196 36
wdbc 569 29 spambase | 4601 57
dna 949 180 phishing | 11055 68
svmguide3 | 1243 22 a%a 32561 123

PCMAC 1943 3289 rcvl 20242 47236
basehock 1993 4862 RFID 940 150

Our proposed algorithms have the advantage of simultaneously processing label scarcity and feature incremental
learning problems. To verify the above conclusion, we compare our proposed algorithms with PEA, RPEA, RFESL,
and RFLLS algorithms. PEA is only designed for the label scarcity problem, it uses the Perceptron update strategy for
learning, i.e., Wyy1 = [W; +y;x}, yx} ], and updates the current model only when the model makes a wrong prediction.
RFESL is only designed for the feature incremental learning problem, It is based on the FESL algorithm, the features of
data streams would vanish or occur in the basic setting of FESL. To adapt FESL to our new setting, we query labels
uniformly and randomly for FESL to handle label scarcity and complete the vanished features with true values. By
adding these assumptions, FESL can be applied in our incremental feature spaces learning with label scarcity. The
adjusted FESL is named as RFESL. RPEA is the random version of PEA, which is not designed for any of the above two
problems. RFLLS are the random version of the proposed algorithms, including RFLLS, RFLLS-I, and RFLLS-II. All the

above nine methods are as follows:

e "RFLLS": the Random FLLS algorithms, including RFLLS, RFLLS-I, RFLLS-II, which will uniformly and randomly
query labels;

o "PEA"[24]: the Perceptron-based Active learning algorithm;

e "RPEA"[36]: the Random PEA algorithm, which uniformly and randomly queries labels;

e "RFESL": the Random FESL algorithm[3], which uniformly and randomly queries labels;

e "FLLS": the proposed algorithm, including FLLS, FLLS-I and FLLS-II;

All the nine methods learn a linear binary classifier. Each dataset is randomly divided into two parts with 80% as the
training data and 20% as the testing data, which is non-overlapping. We use the training data to learn a classification
model and the testing data to evaluate the learning performance. We simulate trapezoidal streams as follows, the
training data is split into 10 chunks, the first chunk carries the first 10 percent instances and features. The second chunk
carries the second 10 percent instances with another 10 percent features (20 percent features in total). The testing data
carries all features.
3http://archive.ics.uci.edu/ml
4http://www.csie.ntu.edu.tw/~cjlin/libsvm
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16 Shilin Gu, Yuhua Qian, and Chenping Hou

We set A = 30 and B = 0.5 unless otherwise specified, i.e., 50 percent features are used for learning at each round
t. Cross-validation is used for all the methods and datasets to determine parameter C, which is searched from 2l=5:51,

Parameter p, which determines the query ratio, is set as 2l~20:20]

to examine varied query ratios. After T rounds, we
measure the performance of the learned classifier on test data. Both ACC and AUC are used for evaluating metrics. For
each data set, we run the experiment 20 times, each with a random partition. The results are reported by an average

performance.

5.2 Comparisons with Benchmarks

In this subsection, we present the experimental results of nine methods on 12 benchmark data sets. Fig. 3 and Fig. 4
show the average ACC results of these nine methods with varied ratios of queried instances. Table 3 and Table 4 show
the average AUC values and running time of these nine methods with the query ratio near 10% and 20%, the best AUC
result and its comparable results are highlighted in boldface based on the paired t-tests at 95% significance level.

From Fig. 3 and Fig. 4, Table 3 and Table 4, we can have several conclusions. First, we can observe that all these three
proposed algorithms are better than their corresponding random versions on ACC and AUC results, validating the
effectiveness of the label querying strategy. Second, among FLLS, FLLS-I, and FLLS-II, FLLS-I performs the best on
dna, svmguide3, splice, spambase, phishing, and a9a. FLLS-II performs well on high-dimensional data sets PCMAC and
basehock. FLLS performs the worst on most data sets. There are two reasons, one is the noise contained in these data
sets, the other one is the sensitivity of FLLS to noise since it conducts a more aggressive update. In contrast, FLLS-I
and FLLS-II avoid overfitting to noise by using a "soft" update strategy. Third, these two soft algorithms FLLS-I and
FLLS-II also achieve significantly higher ACC and AUC values than PEA and RPEA algorithms, which indicates that the
proposed model update strategy can effectively exploit the information of labeled data. Forth, on six datasets, i.e., air,
vote, PCMAC, basehock, spambase, a9a, PEA performs better than RPEA, on the rest, their performance is equal. Since
PEA and RPEA only use a simple update strategy to deal with the feature incremental learning problem, it results in a
small performance difference between PEA and RPEA on some datasets. Fifth, RFESL performs better than RPEA and
RFLLS on most datasets, which again validates the importance of using an effective model update strategy to exploit
the information of labeled data with different feature spaces. Sixth, in Fig. 3 and Fig. 4, an abnormal phenomenon is
that when the query ratio exceeds some thresholds, some curves could decrease as the query ratio increases. We think
this is mainly caused by over-fitting on the noisy training data because FLLS-I and FLLS-II have fewer such phenomena
than FLLS. Finally, we find that most curves of the proposed methods tend to be stable quickly after the query ratio
exceeds some thresholds, which indicates the effectiveness of the proposed algorithms in alleviating the problem of
label scarcity.

We can also observe from Table 3 and Table 4 that the running time of the proposed algorithms is consistently
higher than the versions with random queries and PEA algorithms, the reasons are as follows. First, compared with
the versions with random queries, the proposed algorithms decide whether to query the label of the current instance
by a Bernoulli random variable §; € {0, 1} with probability p/(p + |q:|), p = 1, which guarantees the superior to the
versions with random queries. Thus, the proposed algorithms would cost more time. Second, compared with the PEA
algorithm, the model update strategy of the proposed algorithms is more complicated. PEA updates the current model
only when the model makes a wrong prediction, however, the proposed algorithms aggressively update the current
model whenever the loss is nonzero (even if the prediction is correct) to use more instances for model updating and
getting better results than the PEA algorithm. Besides, as can be seen from the numerical results in Table 3 and Table 4,

we think that the additional computational cost is not so large and it is affordable for real applications.
Manuscript submitted to ACM
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Fig. 3. The ACC results for the 6 data sets: air, vote, wdbc, dna, svmguide3, and PCMAC. The curve shows the average learning

accuracy over the fraction of queried labels.
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Fig. 4. The ACC results for the 6 data sets: basehock, splice, kr-V-kp1, spambase, phishing, and a9a. The curve shows the average

learning accuracy over the fraction of queried labels.
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Table 3. AUC results of algorithms with the query ratio fixed to about 10%.

. air vote wdbc
Algorithm - - -
AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
RPEA 917(.041)  .0014  10.00(00) | .877(.041)  .0015  10.00(.00) | .913(.032)  .0017  10.00(.00)
RFESL .979(.018)  .0030  10.00(.00) | .930(.021)  .0042  10.00(.00) | .948(.019)  .0053  10.00(.00)
RFLLS 875(.077)  .0014  10.00(.00) 876( 70) 0016  10.00(.00) | .913(.043)  .0017  10.00(.00)
RFLLS-T | .959(.029)  .0015  10.00(.00) | .911(.036)  .0018  10.00(.00) | .931(.022)  .0018  10.00(.00)
RFLLS-I | .918(051)  .0017  10.00(.00) | .917(.036)  .0018  10.00(.00) | .931(.024)  .0018  10.00(.00)
PEA 898(.075)  .0042  10.06(.47) | .905(.041)  .0056  10.13(56) | .913(.029)  .0072  10.18(.31)
FLLS 978(.015)  .0044  9.97(.36) | .956(.017)  .0066  10.06(.65) | .950(.023)  .0073  9.77(.40)
FLLS-I 963(.025)  .0045  10.09(.46) | .940(.026) 0066  9.77(77) | .939(.018)  .0074  10.11(.54)
FLLS-II 975(.022)  .0045  9.97(.65) | .950(.021)  .0067  10.10(51) | .949(.015)  .0078  10.02(:36)
. dna svmguide3 PCMAC
Algorithm - - -
AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
RPEA 884(.030)  .0033  10.00(.00) | .581(.051)  .0026  10.00(.00) | .717(.047)  .0433  10.00(.00)
RFESL 941(.015) 0113  10.00(.00) | .689(.036)  .0129  10.00(.00) | .792(.036)  .0636  10.00(.00)
RFLLS 874(.024)  .0041  10.00(.00) | .557(.090)  .0029  10.00(.00) | .631(.041)  .0450  10.00(.00)
RFLLS-I .910(.015) .0046 10.00(.00) .639(.043) .0032 10.00(.00) .748(.039) .0460 10.00(.00)
RFLLS-T | .904(.023)  .0050  10.00(.00) | .594(.070)  .0033  10.00(.00) | .723(.050)  .0476  10.00(.00)
PEA 876(.031)  .0186  10.13(.24) | .576(.065)  .0148  9.69(.42) | .793(.061)  .2995  9.86(.36)
FLLS 920(.020)  .0191  9.89(.27) | .659(.028)  .0155  10.31(36) | .692(.028)  .3007  10.10(.15)
FLLS-I 898(019)  .0191  10.26(.91) | .667(.040)  .0159  9.80(50) | .820(.020) 3011  9.74(:23)
FLLS-II 914(.016)  .0201  9.99(.27) | .662(.024)  .0181  10.31(:39) | .843(.014)  .3012  10.02(.70)
Algorithm bas‘ehock sPlice kr'—V—kp
AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
RPEA 838(.039)  .0704  10.00(.00) | .781(.020)  .0064  10.00(.00) | .772(.045)  .0064  10.00(.00)
RFESL 888(.016)  .0954  10.00(.00) | .799(.018)  .0234  10.00(.00) | .773(.026)  .0217  10.00(.00)
RFLLS 666( 58)  .0724  10.00(.00) 759( 35)  .0065  10.00(.00) | .768(.052)  .0064  10.00(.00)
RFLLS-I .842(.040) .0742 10.00(.00) .788(.022) .0069 10.00(.00) .818(.044) .0067 10.00(.00)
RFLLS-I | .849(052)  .0751  10.00(.00) | .801(.024)  .0079  10.00(.00) | .827(.037)  .0072  10.00(.00)
PEA 925(021) 4886  9.97(.24) | .765(.032)  .0437  10.11(.18) | .750(.030)  .0404  10.15(.45)
FLLS 762(.031)  .4994  10.34(.18) | .808(.014)  .0439  9.81(27) | .831(.018)  .0426  10.10(.36)
FLLS-I 936(.014) 5071  9.85(.36) | .782(.026)  .0463  10.09(57) | .765(.025)  .0426  9.91(.96)
FLLS-II .948(.009) 5071  10.10(.15) | .812(.012)  .0469  10.23(.24) | .809(.016)  .0441  9.86(.45)
Algorithm spémbase ph‘ishing 'a9a
AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
RPEA 856(.015)  .0080  10.00(.00) | .907(.007)  .0176  10.00(.00) | .587(.077)  .0611  10.00(.00)
RFESL 868(.005)  .0315  10.00(.00) | .913(.006)  .1036  10.00(.00) | .780(.005)  .3058  10.00(.00)
RFLLS 835(027)  .0086  10.00(.00) | .898(.018)  .0186  10.00(.00) | .587(.081)  .0627  10.00(.00)
RFLLS-I 862(.018) .0086 10.00(.00) | .917(.006) .0189 10.00(.00) .732(.041) .0655 10.00(.00)
RFLLS-II 870(.018)  .0099  10.00(.00) | .917(.005)  .0199  10.00(.00) | .611(.079)  .0656  10.00(.00)
PEA 866(019)  .0542  9.68(.22) | .909(.007)  .1234  9.93(31) | .523(.059) 3505  9.91(.72)
FLLS .889(.014)  .0589  10.01(.23) | .922(.005)  .1371  10.07(.35) | .732(.028) 3618  10.20(.16)
FLLS-I 882(.013)  .0595  9.98(.33) | .919(.006)  .1375  9.78(.60) | .765(.021) 3719  9.75(.37)
FLLS-II .884(.011)  .0601  10.16(.46) | .921(.005)  .1418  10.16(.58) | .682(.070)  .3747  10.11(.26)
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989 Table 4. AUC results of algorithms with the query ratio fixed to about 20%.
990
991 Algorith air vote wdbc
orithm
992 & AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
993 RPEA 904(.049) 0015  20.00(.00) | .894(.046)  .0016  20.00(.00) | .920(.026)  .0019  20.00(.00)
994 RFESL 985(.018)  .0047  20.00(.00) | .925(.023)  .0051  20.00(.00) | .941(.019)  .0062  20.00(.00)
995 RFLLS 931(.035)  .0018  20.00(.00) | .889(.045)  .0019  20.00(.00) | .915(.028)  .0025  20.00(.00)
% RFLLS-T 961(.026) 0018  20.00(.00) | .931(.031)  .0021  20.00(.00) | .935(.019)  .0025  20.00(.00)
97 RFLLS-II 970(.013)  .0019  20.00(.00) | .927(.038)  .0021  20.00(.00) | .934(.023)  .0023  20.00(.00)
s PEA 937(.030) 0052  20.21(54) | .896(.053)  .0057  19.76(.65) | .923(.026)  .0084  19.93(.61)
- FLLS .992(.006)  .0057  19.97(.73) | .955(.019)  .0063  20.52(.61) | .951(.017)  .0086  19.52(.53)
1000
oo FLLS-I 978(.012)  .0058  19.76(.98) | .954(.022)  .0067  20.30(.77) | .946(.015)  .0089  19.75(.39)
02 FLLS-II 986(.010)  .0061  20.03(.68) | .955(.019)  .0079  20.06(.94) | .950(.019)  .0093  20.62(.71)
1003 Aleorith dna svmguide3 PCMAC
orirthm

1004 & AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
1005 RPEA 896(.030) 0040  20.00(.00) | .584(.075)  .0042  20.00(.00) | .718(.045)  .0693  20.00(.00)
1006 RFESL .952(.014) 0126  20.00(.00) | .688(.029)  .0137  20.00(.00) | .799(.024)  .0820  20.00(.00)
1007 RFLLS 918(.024) 0044  20.00(.00) | .529(.073)  .0045  20.00(.00) | .650(.048)  .0700  20.00(.00)
1008 RFLLS-I .941(.015) 0047  20.00(.00) | .665(.032)  .0046  20.00(.00) | .763(.034)  .0706  20.00(.00)
1009 RFLLS-II 934(.018)  .0052  20.00(.00) | .598(.071)  .0046  20.00(.00) | .765(.033)  .0754  20.00(.00)
1010 PEA 895(.024) 0215  19.76(.43) | .576(.055) 0172  19.72(.41) | .839(.021) 3112  20.21(.67)
1o FLLS .943(.009) 0236  19.80(35) | .665(.034)  .0175  19.46(58) | .688(.023) 3143  19.82(.23)
1o FLLS-I 921(.018) 0241  19.82(.83) | .677(.025)  .0179  20.42(.92) | .851(016)  .3156  19.93(.49)
10 FLLS-II 937(.012) 0246  19.82(51) | .653(.034)  .0191  19.55(.19) | .866(.016) 3166  19.84(.13)
1014
1015 Algorith basehock splice kr-V-kp

: orithm
1016 g AUC Time(s) Query(%) AUC Time(s) Query(%) AUC Time(s) Query(%)
1017 RPEA 837(.055)  .1148  20.00(.00) | .796(.019)  .0072  20.00(.00) | .812(.040)  .0070  20.00(.00)
1018 RFESL 892(.025) 3481  20.00(.00) | .801(.013)  .0279  20.00(.00) | .781(.011)  .0280  20.00(.00)
1019 RFLLS 664(.065) 1161  20.00(.00) | .785(.021)  .0078  20.00(.00) | .839(.040)  .0073  20.00(.00)
1020 RFLLS-I 867(.033) 1163 20.00(.00) | .821(.014)  .0080  20.00(.00) | .868(.037)  .0074  20.00(.00)
1021 RFLLS-II 884(.021)  .1187  20.00(.00) | .812(.018)  .0088  20.00(.00) | .875(.029)  .0082  20.00(.00)
1022 PEA 946(.015) 5014  19.96(.08) | .792(.018)  .0440  19.98(35) | .782(.028)  .0450  19.77(.42)
1023 FLLS 747(.046) 5148 19.79(37) | .820(.012)  .0465  20.34(.07) | .897(.020)  .0454  20.41(.24)
1024 FLLS-I 955(.010) 5159  19.87(.60) | .819(.019)  .0458  20.31(49) | .805(.027)  .0455  19.98(.35)
1025 FLLS-II 963(.009) 5164  20.19(.10) | .822(.012)  .0487  19.58(.30) | .879(.028)  .0458  19.66(.25)
1026
1027 Algorithm spambase phishing a%a

; AUC Time(s uery(% AUC Time(s uery(% AUC Time(s uery(%
1028 Y Y Y

" RPEA 862(.022 0094 20.00(.00) | .907(.013 0201 20.00(.00) | .570(.079 0848 20.00(.00
1029
1030 RFESL 865(.005) 0410  20.00(.00) | .912(.006)  .1129  20.00(.00) | .778(.004) 3305  20.00(.00)
1031 RFLLS 853(.033) 0102  20.00(.00) | .900(.015)  .0217  20.00(.00) | .571(.083)  .0895  20.00(.00)
1032 RFLLS-I 877(.015) 0107  20.00(.00) | .920(.005)  .0217  20.00(.00) | .749(.054)  .0956  20.00(.00)
1033 RFLLS-II 875(.019) 0113 20.00(.00) | .920(.007)  .0232  20.00(.00) | .618(.082)  .0960  20.00(.00)
1034 PEA 875(.017) 0565  20.23(27) | .907(.010)  .1250  20.15(42) | .544(.074) 3604  20.39(.09)
1035 FLLS .896(.013)  .0617  19.73(31) | .921(.005)  .1394  19.76(53) | .726(.045) 3730  20.39(.65)
1036 FLLS-I .893(.013) 0638  19.72(33) | .923(.005)  .1416  19.71(53) | .757(.024) 3818  19.69(.65)
1037 FLLS-II .892(.011)  .0638  19.63(.38) | .922(.005)  .1437  20.28(.83) | .654(.085) 3881 19.76(.27)

1038
1039

1040 Manuscript submitted to ACM



1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091

1092

Incremental Feature Spaces Learning with Label Scarcity 21

5.3 Comparisons with Simple and Direct Approaches

To verify the necessity of using all the information of the data streams as much as possible, in this subsection, we take
FLLS-I as an example and compare it with its two simplified versions, FLLS -Isny and FLLS -Iss on six data sets. FLLS
-Isn simply takes advantage of the newly obtained labeled instance to learn a new model for classification when the
feature dimension of instance increases. FLLS -Isr only uses the initial features to update its model, that is, the data

streams in FLLS -Ig; is x; € R%1.

Table 5. AUC values of FLLS-I and its two simplified versions on six datasets with the query ratio fixed to about 10%.

Dataset FLLS -Isn FLLS -Isy FLLS-I

AUC Query(%) AUC Query(%) AUC Query(%)
air 712(141)  10.11(.09) | .760(.054) 10.33(.56) | .951(.039) 10.00(.39)
vote 678(.208)  10.01(.03) | .682(.049) 10.04(.25) | .937(.028) 10.01(.76)

basehock | .546(.078)  9.97(.07) | .929(.018)  9.97(.23) | .934(.015)  9.99(.19)
spambase | .604(.065)  9.94(.07) | .727(.013)  9.95(.52) | .897(.006) 10.11(.41)
phishing | .582(.083)  9.98(.08) | .618(.007) 10.08(.71) | .925(.005)  10.00(.26)
a% 751(.030)  10.07(.09) | .765(.006)  10.50(.17) | .837(.008)  9.92(.80)

We set B = 1, i.e., all features are used for learning at each round ¢t. We adjust p to make the query ratio near 10%.
From Table 5 we can observe that FLLS-I achieves significantly better results than FLLS -Ign and FLLS -Igj, which
indicates that the abandonment of data information will lead to a significant degeneration of model performance. The

above results further reveal the necessity of our methods to make full use of data information.

5.4 Comparisons with all Features Accessed FLLS-I

In this subsection, we take FLLS-I as an example and conduct experiments on a special case of FLLS-I, marked as FLLS
-I7. Specifically, we assume that FLLS -I; can access the full features at each round for training, i.e., the data streams in
FLLS -Ir is x; € RAT We try to explore how close the performance between FLLS-I and FLLS -If.

We conduct experiments on four data sets, i.e., vote, basehock, phishing, a9a. As can be seen from Fig. 5, the difference
in experimental results between FLLS-I and FLLS -l is relatively small. FLLS-I is even comparable to FLLS -I¢ on
some data sets, such as basehock and a9a. Fig. 5 again proves that our proposed methods can effectively extract the

information in the data streams, and it can achieve satisfying results even if some features are missing.

5.5 Analysis of Sparsity Strategy

In this subsection, we conduct experiments to test the effectiveness of model sparseness in our algorithms. We replicate
different proportions of the original features as the additional features. Thus, the redundancy relative to the features
already included is increasing gradually. Then, we test the performance of the proposed algorithms on the original
features and redundant features, respectively.

We conduct experiments on four datasets, i.e., vote, svmguide3, PCMAC, a9a. The ACC results with varied query
ratios (10%, 50%, 90%) are displayed in Fig. 6. We use the stacked bar to show the results. In each group, from left to right,
the algorithms are FLLS, FLLS-I, and FLLS-II. The ACC results on redundant features are plotted by green face. If the
results on original features are better than the results on redundant features, we add a yellow bar on the green face. It
can be observed that the performances of our algorithms on the original dataset, with and without additional redundant

features, are similar, which indicates the effectiveness of the model sparseness part in our proposed algorithms.
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Fig. 5. ACC Performance of algorithms FLLS -Ir and FLLS-I on four different datasets.
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Fig. 6. ACC Performance of the proposed algorithms on original features and redundant features, respectively. Each group corresponds
to the results on a data set (vo, sv, pc and a9 represent the abbreviations for data sets vote, symguide3, PCMAC, and a9a, respectively)
with query ratio (10%, 50%, 90%). In each group, the results on redundant features are plotted by green face and the yellow face
represents the decrease of the results on original datasets compared to the results on redundant features. In each group, from left to
right, the algorithms are FLLS, FLLS-I, and FLLS-II.
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5.6 Parameter Analysis

Here we study the parameter sensitivity of our algorithms on two data sets, dna and splice. There are two important
parameters in proposed algorithms, i.e., penalty cost parameter C and ratio of selected features B. First we fix B = 0.5
and tune C in 27551 then we fix C = 1 and tune B in {0.04,0.08,0.16,0.32, 0.64} . All these experiments are conducted
under the query ratio fixed to about 50%.
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Fig. 7. The ACC results on two data sets with respect to parameter C and B.

As can be seen from Fig. 7, (a) and (b) show the performance of FLLS-I and FLLS-II under different values of C. FLLS-I
and FLLS-II are not very sensitive to parameter C in a wide range. Besides, the larger the value of C, the closer the
performance of FLLS-T and FLLS-II. This is because the value of 7; in FLLS-T and FLLS-II is getting closer and closer
as C increases, resulting in their models tending to be consistent. When the value of C is large enough, FLLS-I and
FLLS-II degenerate to FLLS. (c) and (d) show the performance of the proposed algorithms on different values of B. We
can see that a larger value of B may not necessarily lead to better performance, indicating that the sparsity strategy can
not only improve the memory usage and running time efficiency, but also ensure that the proposed algorithms have
superior performance.
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5.7 Real-World Applications

In this subsection, we apply FLLS and its two variants on two real-world datasets, i.e., rcvl and RFID. rev1® is a text
classification dataset, which aims to classify the JMLR articles into different groups. Generally, new articles are published
continuously with new research topics, so this setting can be regarded as trapezoidal data streams learning. The "RFID"
data stream® is collected by Hou et al[3] using the RFID technique. Each RFID aerial keeps receiving the tag signals
on each round. To ensure continuous signal reception, new aerials are deployed beside the old ones before the aerials
expired. During this overlapping period, we achieve data streams from both historical and augmented feature spaces,
which indicates that the volume and dimension of data streams increase over time. Therefore, the RFID data collected
by Hou also satisfies our assumptions.

Table 6 shows the average AUC values and running time of these nine methods with the query ratio near 10% and
20%, the best AUC result and its comparable results are highlighted in boldface based on the paired t-tests at 95%
significance level. Fig. 8 show the average ACC results of these nine methods with varied ratios of queried instances. We
can observe from Table 6 and Fig. 8 that the proposed methods achieve significantly better results than the compared

methods, which indicates that our proposed methods can also achieve good performance in real-world applications.

Table 6. AUC Performance of algorithms on two real-world data sets with the query ratio fixed to about 10% and 20%.

Dataset | Algorithm Request 10% labels Request 20% labels

AUC Time(s) Query(%) AUC Time(s) Query(%)

RFID | RPEA 721(.060)  0.0031  10.00(.00) | .746(.049)  0.0035  20.00(.00)
RFESL 752(.065)  0.0101  10.00(.00) | .778(.038)  0.0118  20.00(.00)

RFLLS 729(.037)  0.0039  10.00(.00) | .750(.048)  0.0042  20.00(.00)
RFLLS-I 749(.040)  0.0042  10.00(.00) | .775(.029)  0.0045  20.00(.00)
RELLS-II | .740(.035)  0.0048  10.00(.00) | .787(.037)  0.0051  20.00(.00)

PEA 705(.051)  0.0167  9.93(10) | .763(041) 00192  20.21(.16)

FLLS 785(.022)  0.0183  9.96(.15) | .809(.020)  0.0203  19.52(.18)

FLLS-I 759(.030)  0.0185  10.06(.46) | .777(021)  0.0213  19.57(.72)

FLLS-II .789(.029)  0.0190  10.09(.08) | .806(.016)  0.0235  20.27(.16)

rcv. | RPEA 835(.044) 03495  10.00(.00) | .853(034)  0.3520  20.00(.00)
RFESL 912(.004) 05575  10.00(.00) | .912(.048)  0.5844  20.00(.00)

RFLLS 797(.034) 03496  10.00(.00) | .794(.048)  0.3521  20.00(.00)
RFLLS-I 919(.006) 03506  10.00(.00) | .920(.006)  0.3533  20.00(.00)
RELLS-II | .891(.022) 03512  10.00(.00) | .894(.017)  0.3542  20.00(.00)

PEA 890(011) 13259  10.06(.03) | .886(.017)  1.3516  19.88(.03)

FLLS 848(014) 13407  9.87(.03) | .843(021) 13763  20.40(.03)

FLLS-I 937(.003) 13626  9.82(:23) | .937(.004) 1.3778  19.87(.16)

FLLS-II 912(.007) 13712 9.96(.04) | .910(.005)  1.3799  20.42(.06)

6 CONCLUSION

In this paper, we aim to learn a highly dynamic model from trapezoidal data streams with label scarcity and propose
a new algorithm called incremental feature spaces learning with label scarcity (FLLS), together with its two variants
Shttp://www.csientu.edu.tw/~cjlin/libsvm

®http://www.lamda.nju.edu.cn/data_RFID.ashx
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Fig. 8. The ACC results on two real-world data sets.

FLLS-I and FLLS-II. Our approaches are particularly useful when labels are scarce and feature spaces are increasing.
We first leverage the margin-based online active learning to annotate the most valuable instances and thus a build
superior model with minimal supervision. After receiving the label, we combine the passive-aggressive update rule
and margin-maximum principle to jointly update the dynamic classifier in the shared and augmented feature space.
Theoretical and empirical studies demonstrate the effectiveness of our proposed algorithms.

Since our proposed algorithms are designed for linear tasks, we think it is an interesting and vital work to extend
our proposal into a nonlinear case. How to design a nonlinear classifier in the setting of incremental feature spaces
learning is one of our future works. In addition, how to exploit more valuable information within the data streams,
such as second-order information, distribution information, and how to conduct clustering with evolving feature space

are also interesting works. These works are quite useful in practice and we will do further study on them.
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