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Based on the intuitionistic knowledge content nature of information gain, the concepts
of combination entropy and combination granulation are introduced in rough set theory.
The conditional combination entropy and the mutual information are defined and their
several useful properties are derived. Furthermore, the relationship between the combi-
nation entropy and the combination granulation is established, which can be expressed
as CE(R) + CG(R) = 1. All properties of the above concepts are all special instances of
those of the concepts in incomplete information systems. These results have a wide vari-
ety of applications, such as measuring knowledge content, measuring the significance of
an attribute, constructing decision trees and building a heuristic function in a heuristic
reduct algorithm in rough set theory.

Keywords: Rough set theory; combination entropy; combination granulation

1. Introduction

Rough set theory, introduced by Pawlak!:2, is a relatively new soft computing tool
for the analysis of a vague description of an object. The adjective vague, referring
to the quality of information means inconsistency or ambiguity which follows from
information granulation. The rough set philosophy is based on the assumption that
with every object of the universe there is associated a certain amount of information
(data, knowledge), expressed by means of some attributes used for object descrip-
tion. Objects having the same description are indiscernible (similar) with respect to
the available information. The indiscernibility relation thus generated constitutes a
mathematical basis of the rough set theory; it induces a partition of the universe
into blocks of indiscernible objects, called elementary sets, that can be used to build
knowledge about a real or abstract world!~%. The use of the indiscernibility relation
results in knowledge granulation. The focus of rough set theory is on the ambigu-
ity caused by limited discernibility of objects in the domain of discourse. Its key
concepts are those of object indiscernibility and set approximation, and its main
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perspectives are information view and algebra view’.

The entropy of a system as defined by Shannon (1948) gives a measure of uncer-
tainty about its actual structure®. It has been a useful mechanism for characterizing
the information content in various modes and applications in many diverse fields.
Several authors (see, e.g.°713) have used Shannon’s concept and its variants to mea-
sure uncertainty in rough set theory. But Shannon’s entropy is not a fuzzy entropy,
and cannot measure the fuzziness in rough set theory. A new information entropy
was proposed by Liang in'~'6, and some important properties of this entropy are
also derived. Unlike the logarithmic behavior of Shannon’s entropy, the gain func-
tion of this entropy possesses the complement nature. This entropy can be used
to measure the fuzziness of rough set and rough classification. In'”, Mi el al. gave
a new fuzzy entropy and applied it for measuring the fuzziness of a fuzzy-rough
set based partition. In'®, a new information entropy (combination entropy) and a
new information granulation (combination granulation) were introduced to measure
the uncertainty of an incomplete information system, and the relationship between
these two concepts was established. The gain function of combination entropy pos-
sesses a intuitionistic knowledge content nature. It is mentioning that the equation
CE(P;Q) = CE(Q) — CE(Q | P) holds, where CE(P; Q) denotes the mutual in-
formation between the attribute set P and @, CE(Q) is the combination entropy of
Q, and CE(Q | P) represents the conditional combination entropy @ with respect
to P in incomplete information systems, respectively.

This paper aims to establish combination entropy and combination granulation
in rough set theory. Some preliminary concepts such as knowledge, incomplete infor-
mation systems, approximation space and partial relation are reviewed in Section 2.
In Section 3, the combination entropy, the conditional combination entropy and the
mutual information in rough set theory are introduced, and their several important
properties are induced. In Section 3, the combination granulation in rough set the-
ory is given. The relationship between the combination entropy and the combination
granulation is established as well. Section 4 concludes the paper.

2. Preliminaries

In this section, we review some basic concepts such as knowledge, incomplete
information systems, approximation space and partial relation.

An information system is a pair S = (U, A), where,

(1) U is a non-empty finite set of objects;

(2) A is a non-empty finite set of attributes;

(3) for every a € A, there is a mapping a, a : U — V,, where V, is called the
value set of a.

Each subset of attributes P C A determines a binary indistinguishable relation
IND(P) as follows

IND(P) = {(u,v) € U x U| Va € P,a(u) = a(v)}.
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It can be easily shown that ITND(P) is an equivalence relation on the set U. For
P C A, the relation IND(P) constitutes a partition of U, which is denoted by
U/IND(P).

If V,, contains a null value for at least one attribute a € A, then S is called an
incomplete information system, otherwise it is complete!®2°. Further on, we will
denote the null value by x*.

Let S = (U, A) be an information system, P C A an attribute set. We define a
binary relation on U as follows

SIM(P) ={(u,v) € U xU| Va € P,a(u) = a(v) or a(u)=x* or a(v)=x}.

In fact, STM (P) is a tolerance relation on U and the concept of a tolerance relation
has a wide variety of applications in classification'?. It can be easily shown that
SIM(P) = N,ep SIM({a}).

Let Sp(u) denote the set {v € Ul|(u,v) € SIM(P)}. Sp(u) is the maximal set
of objects which are possibly indistinguishable by P with u.

Let U/SIM (P) denote the family sets {Sp(u)|u € U}, the classification induced
by P. A member Sp(u) from U/SIM (P) will be called a tolerance class or a granule
of information. It should be noticed that the tolerance classes in U/SIM(P) do
not constitute a partition of U in general. They constitute a covering of U, i.e.,
Sp(u) # O for every u € U, and oy Sp(u) = U.

Let K = (U, R) be an approximation space, where U: a non-empty, finite set
called the universe; R: an equivalence relation (i.e., indiscernibility relation) on U.
K = (U,R) can be regarded as a knowledge base about U. VR € R, the partition
U/R ={X1,Xs, -+, X,,} is called the knowledge induced by equivalence relation
R on U. An equivalence relation IND(A) can be induced by the attribute set A in
a complete information system.

Of particular interest is the discrete partition,

U/R=w={{z},z €U},
and the indiscrete partition,
U/R=4={U},

or just w and § if there is no confusion as to the domain set involved.

Now we define a partial order on all partition sets of U. Let P and @ be two
equivalence relations of U, U/P = {P, Py,--+, Py} and U/Q = {Q1,Q2, -, Qn}
be partitions of the finite set U, and we define that the partition U/Q is coarser
than the partition U/P (or the partition U/P is finer than the partition U/Q), i.e.,
P < @, between partitions by

P=<Q&VPeU/P,3Q; €U/Q— P, CQ;.

If P=<Q and P # @, then we say that U/Q is strictly coarser than U/P (or
U/P is strictly finer than U/Q) and write as P < Q).
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3. Combination Entropy in Rough Set Theory

In general, the elements in an equivalence class cannot be distinguished each
other, but the elements in different equivalence classes can be distinguished each
other in rough set theory. Therefore, in a sense, the knowledge content of an ap-
proximation space K = (U, R) is the whole number of pairs of the elements which
can be distinguished each other on the universe U. Based on the consideration, in
this section, the combination entropy, the conditional combination entropy and the
mutual information in rough set theory are presented, and their some important
properties are discussed.

In the first part of this section, we first given the definition of combination
entropy in rough set theory.

Definition 1. Let K = (U, R) be an approximation space, U/R = {X;, Xa,- -,
X} a partition of U. Combination entropy of R is defined as

Z | X C’|U| |X,L~\ _ i @(1 O|2X'i\ ), (1)

2 2
vl Ciy LU Gy

where Clinl = W7 % represents the probability of an equivalence X;
Cfy—CF

within the universe U, and T‘X” denotes the probability of pairs of the ele-

vl
ments which are distinguishable each other within the whole number of pairs of the

elements on the universe U.

If U/R = w, then the combination entropy of R achieves the maximum value 1.
If U/R = 4, then the combination entropy of R achieves the minimum value 0.
Obviously, when U/R is a partition of U, we have that 0 < CE(R) < 1.

Definition 2. ¥ Let S = (U, A) be an incomplete information system. Combina-
tion entropy of A is defined as

Ul ~2 2
1 CIU\ CISA(u )l
CE(A) = — E _ 2

2 2
C\U\*CJSA(u,,n

il
ably distinguishable each other within the whole number of pairs of the elements

where denotes the probability of pairs of the elements which are prob-

on the universe U.

From Definition 1 and Definition 2, one can obtain the following proposition.

Proposition 1. Let S = (U,A) be a complete information system and
U/IND(A) = {X1,Xa, -, Xm}. Then, the combination entropy of A degenerate
mto
m X, lor
CE(A) =3 B - ),

i=1 | U]
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i.e.,

|U| 02 m 2

OB(A) = 7 Y1 - st ), (3)

i—1 IU\ i—1 IU\

Proof. Let U/IND(A ) ={X1, X9, -, X} and X; = {w1, win, -+, wis, } (0 <m),

where |X;| = s; and Z |s;| = |U|. Then, the relationships among the elements in
U/SIM(A) and the elements in U/IND(A) are as follows
Xi=Sa(uin) = Sa(uiz) = -+ = Sa(uis,),
[ Xi| = |Sa(ui)| = [Sa(ui)| = - - = [Sa(uis,)]-

Hence, we have that

m 2
OB(A) = 3. 01— )
i=1 £
m 02
=1— 1 ‘X1| % \;(il
U1 =1 C\U\
_ 1o 1§ Satwa)lHSa Gl iSaGue)l O
0T 2 x| 2
=1
m 2
—q_ L C\sAzcum
Ul = Cly
U] lor
_ 1 1S A (uz)l
31 - Seginany,

O .
—

This completes the p O

Proposition 1 states that the combination entropy in complete information sys-
tems is a special instance of the combination entropy in incomplete information
systems. It means that the definition of combination entropy of complete informa-
tion systems is a consistent extension to that of incomplete information systems.

Definition 3. Let K; = (U, P) and Ky = (U, Q) be two approximation spaces,
U/P={P,Ps, - ,P,}and U/Q = {Q1,Q2, -, Qn,} be two partitions on U. The
combination entropy induced by the equivalence relation P N @ can be defined as

PNQ,; C2U *CQPi ;
CE(PNQ) = ZZ| U] il 2o O|2U T (4)
=1 j=1

For our further development, we introduce the following lemma.

Lemrsna 1. Let a be a natural nurnbesr and N is the set of natural numbers. If
a=Y a;(s>1),a €N, then C?> > CZ.
i=1

i=1
From Definition 1 and Lemma 1, one can get the following proposition.

Proposition 2. Let K7 = (U, P) and Ky = (U, Q) be two approximation spaces,
then CE(P) > CE(Q) if P < Q.
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Proof. Let U/P = {P1, P, -+, Py} and U/Q = {Q1,Q2, - +,Qxn}. Since P <
@, we have that m > n and there exists a partition C = {Cy,Cq,---,Cp} of
{1,2,---,m} such that Q; = |J P, (j = 1,2,---,n). And, it follows from the
iECj
definition of P < @ that there exists Cj, € C such that |Cj,| > 1.
Thus, one has that

n v CzU _c2,
CE(Q) = Z ‘Q”M

j=1 vl
n 2
—1-3 1Q;1 Cla;|
2. U] T,
=l g
| ~ BICE S b,
n e, il cc. Pl
=1— ey tei
D U
=l 5
2
N ico || P | Py
1 i€o; iec;
==X = e,
Jj=1 P
n |P:| C*P p, - \P\sz 1Pl
1 i€Cy i€C; i€Cj, i€Cj
=1-( X —qpr e, t o o, )
) 1wl vl
m 2
Pi| Cipy|
| B 1Rl Oy
<l-2 miez,
=1
m 2 2
S v~ Oyl
i=1 U] C\U\
= CE(P).
That is, CE(P) > CE(Q). This completes the proof. O

Proposition 2 states that the combination entropy of a knowledge increases as the
equivalence classes become smaller through finer partitioning in rough set theory.

In the following, in the view of the above combination entropy, we discuss the
conditional combination entropy and the mutual information in rough set theory.

Definition 4. Let K; = (U, P) and Ky = (U, Q) be two approximation spaces.
Conditional combination entropy of @ with respect to P is defined as
m 2 n 2
1P| Cip,| [P, N Q| Cpina|
CE(Q|P)= il _ 2095
QIP=2oie, “ & W e

i=1

)- (5)

Proposition 3. Let K1 = (U, P) and Ky = (U, Q) be two approximation spaces.

Then,
CE(Q|P)=CE(PNnQ)—CE(P). (6)
Proof. It easily follows from the definition of the conditional combination entropy
that o
m P, 027‘ n P, ) \2;'0 |
CEQ|P)= . (\IU‘I C"fl = | lfr}ﬁi?gl 22 Qj )
=1 kel j=1 U]

n PiNnQ; C(|2 i NQ | P; C2i
[ Htt (- =gt - 60— o)

NIE

2
Clu| | v|

K2

J

Il
—
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=CE(PNQ)—CE(P).
This completes the proof. O

Definition 5. Let K; = (U, P) and Ky = (U, Q) be two approximation spaces.
Mutual information between P and () is defined as

CE(P;Q) = CE(P) + CE(Q) — CE(PN Q). (7)

The relationship among the combination entropy, the conditional combination
entropy and the mutual information can be established by the following proposition.

Proposition 4. Let K1 = (U, P) and Ky = (U, Q) be two approximation spaces.
Then,

CE(P;Q)=CEQ) - CEQ] P). (8)

Proof. It follows from Proposition 3 that
CE(P;Q)=CE(P)+ CE(Q)—-CE(PNQ)
=CEQ) - (CE(PNQ)—CE(P))
=CEQ)-CE@Q|P).
This completes the proof. O

As follows, we investigate three important properties of the conditional combi-
nation entropy and the mutual information.

Proposition 5. Let K1 = (U, P) and Ko = (U, Q) be two approximation spaces.
Then, P < @ if and only if CE(Q | P) = 0.

Proof. (1) Suppose P < Q. Hence, for arbitrary P; € U/P and arbitrary Q; €
U/Q, we have that P,NQ; =@ or P, C Qj, i.e., |[P,NQ;| =0or |[P,NQ,;| = |B.
Therefore, one can obtain that

m P; C? . n P; J c? 3 NQ; |
CEQ|P)= Y (\ldnt — Yo [Badil el
i=1 ol =1 leg
= \U|éfU| Zl(‘ﬂ‘clzpzl - Zl | ﬂQj|C\2PmQj|)
i= j=
m
= ez, & (PG, ~ IBICT,)
1=
=0.

(2) Suppose CE(Q | P) = 0. We need to prove P < Q. If P < @ does not hold,
then there exists P, € U/P such that P, C Q; does not hold (VQ; € U/Q). Let
{Q] S Q | QJ mPk 7& ®} = {le?sz""7ij/}a where k > 17 then ‘Pkaﬁ' > 07
1=1,2,-- k.

Therefore, we have that
m 1 O n P; 4 C? iNQ
CEQ|P) = (gt et - X Fpid =g
j=

2
i=1 Ul C\UI Il C\UI
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- IU\(lz‘fU‘ Z:(|P|CIP\ Z |Pi mQJ|C|P nQ; |)

= |U\C|U‘[,=§#k(|P|C|P\ Z |20 Q41C g, ) + (1PICT,

- ; |Pe N Qj1CE, ;)]

2 |U‘c2 (1P| CPp, | — Z [P N Qj1CTp,nq,)
= |U\é|2u (1P |Cp,, l;|Pkﬂsz|C|2Pmle|)
> 0.
This yields a contradiction. Thus, P < Q.
This completes the proof. O

Proposition 6. Let K1 = (U, P) and Ky = (U, Q) be two approximation spaces,
U/D be a decision (i.e., a known partition) on U, then CE(P | D) > CE(Q | D)

if P<Q.

Proof. Let U/P = {P,P,---, Py}, U/Q = {Q1,Q2,--,Qn} and U/D =
{D1,Da, ---,D,}. Tt follows from P < @ that there exists a partition C =
{C1,C4,---,Cp} of {1,2,---,m} such that Q; = U Ps, j = 1,2,---,n. And,

SECJ'
there exists C}, € C such that |C},| > 1.
Therefore, we have that

" /|Dk| Cip, " 1Q;nDy| Cla;nny
CE@|D)= ¥ (fpcg - 3 P =)

= wreE; Z(‘Dkwmu Y| U (BN DR)ICE S (pap,)
v j=1 s€Cj s€0;

T n

= wiegy 210Ky = L5 1PN D™ 1p )
T 9 n 9

lU‘ClU‘ kZ(‘Dklchkl J= 12]#10(5626‘ IF: ﬂDk')C.j skt
3 IPADICE )
86070 ecJO
< ez, Z(‘Dk'ClD ! .Z |20 DilCp )
=CE(P \ D)
ie., CE(P| D) > CE(Q | D). This completes the proof. O

However, the reverse relation of this proposition cannot be established in general.
This is illustrated by the following example.

Example 1. Let U = {1,2,3,4,5,6,7,8,9,10}. Assume that
U/P = {{17 3, 4}7 {27 2, G}a {77 8,9, 10}}7
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U/Q = {{1,5},{2,3,4,6,7},{8,9,10}},
and
U/D={{1,3,5,8,9},{2,4,6,7,10}}.

It is easily computed that

CE(P|D)=CE(PND)-CED) =2l -1=4
CE(Q|D)=CE@QND)-CE(D) =21 -1=2%

ie, CE(P|D)>CE(Q| D).
However, P < @ can not hold in fact.

Proposition 7. Let K1 = (U, P) and Ky = (U, Q) be two approximation spaces,
and U/D a decision (i.e., a known partition) on U. Then, CE(P; D) > CE(Q; D)

if P<Q.

Proof. Let U/P = {P,P,---,Pn}, U/Q = {Q1,Q2,--,Q,} and U/D =
{D1,Ds, ---,D,}. Tt follows from P < @ that there exists a partition C =
{C1,Cy,---,Cp} of {1,2,--- ;m} such that Q; = | Ps,j=1,2,---,n.

seCj
Therefore, we have that
CE(Q;D)=CE(Q)+ CE(D)—-CE(QN D)
N DS |Q181|3k|0fcecj2mokw -3 le Clon _ 5 LA
j=1k=1 Ul j=1 vl k=1 Ul
| O BnDICF S purpyy o, | RICT S

DL seqy sec; s€C; seC;
— J J J J
=14+ X o ok — 2 ] C?
= j=

s |

Ul

U Cc?
i=1 k=1 Ul Ul i=1

P;D).
That is CE(P; D) > CE(Q; D). This completes the proof. |

~—

Similar to Proposition 6, the reverse relation of this proposition can not hold in
general.

4. Combination Granulation

In this section, the combination granulation and its very useful properties are
investigated in rough set theory. The relationship between the combination entropy
and the combination granulation in rough set theory is established as well.
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Definition 6. Let K = (U, R) be an approximation space and U/R = {X7, X3,
X} a partition of U. Combination granulation of R is defined as

m 2

1Xi] Cix,l
CG(R) = =, 9
CEDIE )

=1 U]
where |‘X || represents the probability of an equivalence class X; within the universe

C2

U and 3l denotes the probability of pairs of the elements on equivalence class

i
X; within the whole number of pairs of the elements on the universe U.

If U/R = ¢, then the combination granulation of R achieves the maximum value
If U/R = w, then the combination granulation of R achieves the minimum value

Obviously, when U/R is a partition of U, we have that 0 < CG(R) < 1.

Definition 7. !® Let S = (U, A) be an incomplete information system. Combina-
tion granulation of A is defined as

1 = Chsaqul
CG(A) = — alw)l (10)
PP T
2
where % denotes the probability of pairs of the elements on tolerance class

vl
Sa(u;) within the whole number of pairs of the elements on the universe U.

The following proposition shows the relationship between these two knowledge
granulations.

Proposition 8. Let S = (U, A) be an incomplete information system and
U/IND(A) = {X1,Xs, -+, Xm}. Then, the knowledge granulation of knowledge
A degenerates into

i.e.,

_ L |SA u;)
CG(A) = |U|Z z;| | Cm' (11)

i=1 |U|
Proof. Let U/SIM(A) ={X1,Xo, -, X} and X; = {w;1, w2, -, uis, }, where
| X;i| = s; and Z [s;| = |U].

The relatlonshlp between the elements in U/STM(A) and the elements in
U/IND(A) can be described as follows

X; = Sa(uin) = Salue) =+ = Saluws,),
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|Xi| = |Sa(wir)| = [Sa(ui)| = - -+ = [Sa(uis, )|

Therefore, one has that
m

CG(A) = Z | X CIEM

= 101 Sy
1 72": 1S4 (win) |18 (wiz) | +-+]Sa (uis;)| Cfxy)
T 1] I
=1 U]
Ul 2
-1y C\Sg(um
U1 i=1 C\UI
This completes the proof. O

Proposition 8 states that the combination granulation in complete information
systems is a special instance of the combination granulation in incomplete informa-
tion systems. It means that the definition of combination granulation of complete
information systems is a consistent extension to that of incomplete information
systems.

Proposition 9. Let K = (U, R) be an approzimation space, and U/P and U/Q be
partitions of the finite set U. If P < Q, then CG(P) < CE(Q).

Proof. Let U/P = {P1, P, -, Py} and U/Q = {Q1,Q2, --,Qn}. Since P <
Q, we have that m > n and there exists a partition C = {Cy,Cs,---,Cp} of
{1,2,---,m} such that Q; = |J P (j = 1,2,---,n). And, it follows from the
iECj
definition of P < @ that there exists C;, € C such that |C;,| > 1.
Thus, one can have that
2
\

n 1 Clg.
CG(Q) = Y I3 =
Jj=1 v

_ i €0y €0y
j=1 Ul CIU\

n lECj i
=X T e
j=1 U] -
i€C; i€C; i€C4, 1€C5,
= +
i T T o
m 2
|P:| Cip,l
> wles
=1 Ul
= CG(Q).
That is, CG(P) < CG(Q). This completes the proof. |

Proposition 9 states that the knowledge granulation decreases as the equivalence
classes become smaller through finer partitioning.

Then, we will establish the relationship between the combination entropy and
the combination granulation in rough set theory.
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Proposition 10. Let K = (U,R) be an approximation space and U/R =
{X1,Xo, -, X;n} a partition of U. Then, the relationship between the combina-
tion entropy CE(R) and the combination granulation CG(R) is as follows

CE(R)+ CG(R) = 1. (12)

Proof. It follows from the deﬁnition of CE(R ( ) and CG(R) that
| X | Ccz, —C?
CE(R) = Z 2 o) i)

\U\

777, 02 )
_ Z l\)l{;”(l _ C\;m)
i=1 U]
m X, o2 .
:l_z \|U‘I C\;ﬂ
=1 1l
=1-CG(R)
Obviously,
CG(R)+ CG(R) =1
This completes the proof. O

Remark. Proposition 10 states the relationship between the combination entropy
and the combination granulation is strictly complement relationship. In other words,
they posses the same capability for depicting the uncertainty of an approximation
space. This proposition is illustrated by the following Example 2.

Example 2. Given by U = {medium, small, little, tiny, big, large, huge,
enormous}. Let R be an equivalence relation, U/R a partition of U and U/R =
{{medium},{small, little, tiny},{big, large},{huge, enormous}}.

By computing, it follows that

CE(R) = 5(1— 55) + §(1 - 5) -

CG(R) = 7><2%+§><2%+§><2—18+§x2—%:%.

It is clear that CE(R) + CG(R) =1

5. Conclusions

In the present research, the combination entropy, the conditional combination en-
tropy, the mutual information and the combination granulation with the intuition-
istic knowledge content nature are introduced in rough set theory, respectively.
Some important properties of these concepts are derived. All properties of the
above concepts are all special instances of those of the concepts in incomplete in-
formation systems. Finally, the relationship between the combination entropy and
the combination granulation is established, which can be formally expressed as
CE(R) + CG(R) = 1. These results have a wide variety of applications, such as
measuring knowledge content, measuring the significance of an attribute, construct-
ing decision trees and building a heuristic function in a heuristic reduct algorithm
in rough set theory.
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