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Ranking decision for interval data is a very important issue in decision making analysis. In recent years,
several ranking approaches based on dominance relations have been developed. In these approaches, a
dominance degree and an entire dominance degree are employed. However, one cannot obtain the com-
plete rank of objects. To address this problem, this work will propose a two-grade approach to ranking

interval data. In this approach, we keep the ranking result induced by the entire dominance degree in
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the first grade, and then refine the objects that cannot be ranked through introducing a so-called entire
directional distance index. An example and a real case are employed to verify the effectivity of the two-
grade ranking approach proposed in this paper.
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1. Introduction

In reality, one often encounters a number of alternatives which
need to be evaluated on the basis of a set of criteria in investment
decision [28,31,39,41], universities ranking [ 10,34], road safety risk
evaluation [9], and so on. In these cases, the alternatives and the
related criteria are often combined to a data table. In decision mak-
ing, one needs to rank these alternatives through using some crite-
ria that are characterized by attributes in the data table according
to an increasing or a decreasing preference. This kind of decision
making tasks are called ranking decision, which is becoming an
important research point in decision making analysis. At present,
ranking decision has been widely used in economy, management,
engineering and other broad areas.

For effective and rational ranking decision, many decision
making methods have been developed, which include TOPSIS
(Technique for Order Preference by Similarity to Ideal Solution)
[13,51], AHP (Analytic Hierarchy Process) [16,32,35], ELECTRE
(ELimination Et Choix Traduisant la REalité) [33,37], and the meth-
ods based on fuzzy set theory [3,10-12,52,39], etc.

In the past twenty years, rough set theory introduced by Pawlak
[24-27], has increasingly played an important role in the field of
decision making analysis. One of its prominent advantages is to
effectively deal with vagueness and uncertainty information with-
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out requiring any prior knowledge. As we know, Pawlak’s rough set
theory does not consider attributes with preference-ordered do-
mains, that is, criteria. To solve the problem of ranking decision,
several extended rough set models have been developed in the lit-
erature. Greco et al. [5-8] proposed an extension of rough set the-
ory induced by a dominance relation, called a dominance-based
rough set approach (DRSA), in which the ordering properties of cri-
teria are taken into account. In what follows, we briefly review sev-
eral works related to dominance-based decision making. By adding
order relations on attribute values, Yao et al. [34,50] studied or-
dered information tables, and raised a convenient model to mine
ordering rules through transforming an ordered information table
into a binary information table. Yang et al. [47] introduced a sim-
ilarity dominance relation, and developed a new dominance-based
rough set model in incomplete ordered information systems. Hu
et al. [11,12] presented a fuzzy preference rough set model by inte-
grating fuzzy preference relations with a fuzzy rough set model.
Moreover, evaluation on decision performance is also an important
task in rough set theory [30,40,42,44]. In Ref. [44], concepts of
knowledge granulation, knowledge entropy and knowledge uncer-
tainty have been given to measure the discernibility ability of dif-
ferent knowledge in ordered information systems. Under the
condition of homomorphism, Wang et al. [40] researched data
compression in ordered information systems to perform equivalent
attribute reductions and rule extraction in the smaller compressed
image database for improving efficiency and saving decision-mak-
ing costs. In a word, the dominance-based rough set theory has
contributed a basic theoretical framework for ranking decision.
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In decision making analysis, we often need to deal with various
types of data sets, in which objects may be characterized by single
value, set value, null value, or interval value [2,14,15,17,18,28-
31,36,45-49]. Among these kinds of data sets, interval data is an
important class of data and a generalized form of single-valued
data. Hence, how to rank objects with interval values is a very
desirable issue.

As mentioned above, although many results have been devel-
oped in the context of interval ordered information systems, how
to rank objects using a dominance relation has not been reported.
To address this problem, Qian et al. [28] proposed a ranking ap-
proach for all objects based on dominance classes and the entire
dominance degree. This is the first attempt to rank objects with
interval values. This method adopts a cautious decision strategy,
in which we say that one object is superior to the other object if
and only if the value of one object is dominant than that of the
other under each attribute. Obviously, this approach is credible be-
cause it meets with practical decision situations, in which the risk
aversion is one of major characteristics for decision makers.

However, it can be seen, from Qian’s work [28], that the final
rank obtained is not a complete rank, in which there may exist sev-
eral objects being put into the same place. To overcome this draw-
back, we will further develop a new version of Qian’s ranking
approach according to the following two motivations.

(1) In practical issues, decision makers often want to get a com-
plete rank of objects according to a user’s requirement. A
complete rank of objects will be helpful for obtaining a more
satisfactory decision scheme. This opinion can be illustrated
by using ranking decision of investment projects [31]. Gen-
erally, a complete rank of investment projects is necessary
since decision makers only have limited capital. If several
investment projects lie in the same place in final ranking
result, that will confuse decision makers. Therefore, how to
obtain a complete rank needs to be further addressed in
the context of interval ordered information systems.

(2) In the process of looking for a complete rank, the rank
induced by the entire dominance degree should be
remained. As we know, a cautious ranking project is often
desirable for the vast majority of decision makers. Hence,
we argue that looking for a complete rank should be based
on the cautious rank. For this reason, we will establish a
two-grade ranking approach considering the property of
rank preservation.

Therefore, in this paper, our objective is to develop an approach
to obtaining a complete rank of objects with interval values. In this
study, we first introduce the concept of a directional distance index
and give some of its nice properties. Then, we define an ordered
mutual information to calculate the weight of each criterion and
the directional distance index with weights. Based on this consid-
eration, we propose a two-grade approach to ranking objects with
interval values. Finally, we also employ a real case about stock
selection for verifying the effectivity of the proposed approach in
this paper.

The remainder of this paper is organized as follows. Section 2
reviews some preliminary concepts and important properties of
interval ordered information systems. Section 3 establishes a
two-grade approach to ranking completely objects with interval
values by combining a directional distance index with a dominance
degree. In Section 4, through introducing weights of criteria based
on an ordered mutual information, we propose a more rational
two-grade approach to ranking completely interval data. In Section
5, we use a stock selection case to illustrate how to make a decision
by using the ranking approach proposed in this paper. Finally, Sec-
tion 6 concludes this paper with a remark.

2. Preliminaries

In this section, we briefly review some basic concepts and
important properties of interval ordered information systems.

An information system (IS) is a quadruple S = (U,AT, V.,f), where U
is a finite non-empty set of objects and AT is a finite non-empty set
of attributes, V={JgearVs and V, is a domain of attribute q,
fi:UxAT - V is a total function such that f{x,a) e V, for every
a € AT, x € U, called an information function [31]. An information
system is called an interval information system (IIS) if V, is a set
of interval numbers. We denote f(x,a) € V, by

fx,a) = [a"(x),a"(x)] = {pla‘(x) < p < a”(x),a"(x),a"(x) € R}.

It is the interval number of x under the attribute a.

Here, single-valued information systems, in which f(x,a)=a*
(x)=aY(x), can be seen as a special form of interval information
systems. Example 2.1 shows an interval information system.

Example 2.1 [28]. Aninterval information system is listed in Table
1, where U = {X1,X5,X3,X4,Xs5,X6,X7,X8, X0, X10}, AT = {1, 02,a3,04,05}.

Definition 2.1. An interval information system is called an interval
ordered information system (I0IS) if all attributes are criteria, that is,
the domain of each attribute is ordered according to an increasing
or a decreasing preference.

It is assumed that the domain of a criterion a € AT is completely
pre-ordered by an outranking relation :=,; y:=,Xx means that y is at
least as good as (outranks) x with respect to the criterion a. Fur-
thermore, we define y:=,x <= Va € A(ACAT),y=uX.

Based on the above illustration, we review the dominance rela-
tion that identifies dominance classes especially in an interval or-
dered information system. In a given IOIS, we say that y dominates
x with respect to A C AT if yi=4x, and denoted by yRj x. That is

R ={(,x) e Ux Ulaj(y) = a;(x), a{(y) > af(x)
(Var € Ay); d5(y) < d5(x), d3(y) < aj(x) (Va; € Ay)}
={(,x) e U x U|(y,x) e R} },

where the attributes set A; according to increasing preference and
A, according to decreasing preference, and A=A; UA,.

According to the definition of R}, the dominance class [x];
which is the set of objects dominating x can be induced as follows

Xa = {y eUlai(y) = ai(x), ai(y) > af (x)(Va; € A1); a5(y)
<a3(x), a3 (y) <aj(x)(Vaz € Ay)} = {y € U|(y,X) € R }.

Analogously, R and [x]; can be defined too.

From the definitions of R} and [x];, a partial order can be de-
fined on the attribute set. Let S=(U,AT,V,f) be an IOIS and A,
B C AT. We say that A is coarser than B (or B is finer than A) if
and only if [x]; C[x]7, Vie{1,2,...,|U]}, just B < A.

Using the above definitions, one has the following properties
[28].

Table 1

An interval information system.
U a; a; as ay as
X1 1 [0,1] 2 1 [1,2]
Xo [0,1] 0 [1,2] 0 1
X3 [0,1] 0 [1,2] 1 1
X4 0 0 1 0 1
Xs 2 [1,2] 3 [1,2] [2,3]
X6 [0,2] [1,2] [1,3] [1,2] [2,3]
X7 1 1 2 1 2
Xs [1,2] [1,2] [2,3] 2 [2,3]
Xg [1,2] 2 [2,3] [0,2] 3
X10 2 2 3 [0,1] 3
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Property 2.1. Let S = (U,AT,V,f) be an IOIS and A C AT, we have that

(1) Ry = MaeaR< s
(2) R/f = naeARtf'

Property 2.2. Let S=(U,AT,V,f) be an IOIS and A C AT, we have that

(1) R7, R; are reflexive;
(2) R7, R; are unsymmetric; and
(3) Ry, R; are transitive.

Property 2.3. Let S=(U,AT,V,f) be an IOIS and A, B C AT, we have
that

(1) if BC A C AT, then Ry DR} DRA’T;
(2) if B C A C AT, then [x|; 2 [XI; 2 X7
(3)ifBC A C AT, thenAT<A<B

(4) lf’g € [xil;, then [xj]7 C[xils and [xil; = U{[X/]5 €klz )k
an
(5) xil7 = Xjlx iff fixia) =f(x;,a) (Va € A).

In the rest part of this paper, without any loss of generality, we
only consider all attributes with an increasing preference.

3. A two-grade approach to ranking interval data

Ranking objects is an important problem in many practical deci-
sion making fields. Under rough set theory framework, Zhang and
Qiu [53] proposed a ranking method in classical ordered informa-
tion systems by defining a concept of dominance degree. But this
approach only deals with the ranking problem aiming at single-
valued information systems. Through extending the definition of
dominance relation, Qian et al. [28] established an approach to
ranking objects in interval ordered information systems. However,
this method still needs to be further improved because it cannot
completely rank objects with interval values. In this section, we
will construct a two-grade ranking approach to obtaining a com-
plete rank of interval objects.

To further improve the ranking approach, we review the con-
cept of dominance degree and some of its properties in the
following.

Definition 3.1 [28]. Let S=(U,AT,V,f) be an I0IS and A C AT.
Dominance degree between two objects with respect to the
dominance relation Ry is defined as

Daxg) nx,-]ff' . i

where |-| denotes the cardinality of a set, [x;];° = U — [xi|;, X;, X € U.

Property 3.1 [28]. Da(x;x;) has the following properties

(1) & < Dalxi,x) < 1;
(2) if
(3)if

Xj,Xr) € R7, then Da(x;,x;) < Da(x; xx); and
Xj,X) € Ry, then Da(X;,X;) = Da(Xy, X;).

(
(

Definition 3.2 [28]. LetS = (U,AT,V,f) be anIOISand A C AT. Entire
dominance degree of each object is defined as

—7 > Dalxix). X

j#i

Dx,_ xeU.

From Definitions 3.1 and 3.2, one can easily find that the entire
dominance degree of an object can be used to judge its ranking
place. The bigger the value of D4(x;), and the better this object. This
is illustrated by Example 3.1.

Example 3.1 (Continued from Example 2.1). Rank all objects in U
according to the entire dominance degree Dsg{(x;).

First, according to the definition of [x;];;, we have that

[Xlﬁr = {X1,X5,X7,Xg}, [Xz]A}T = {X1,X2,X3,X5,X6,X7,Xs,X9,X10},

[Xs]ar = {X1.X3, X5, X6, X7, X5},

[Xalar = {X1,X2,X3,X4, X5, X6, X7, X5, X9, X10},

Xslar = {Xs},  [Xelar = {Xs,X6,Xs}, [X7]ar = {Xs,X7,Xs},
Xslar = {Xs}, [Xolzr = {Xe}, [X10lar = {X10}.

Therefore, one can obtain the dominance degree relation matrix as

1 1 1 1 07 08 09 07 06 06
05 1 07 1 02 04 04 02 02 02
08 1 1 1 05 07 07 05 04 04
04 09 06 1 01 03 03 01 01 01

1 1 1 1 1 1 1 09 09 09
09 1 1 108 1 09 08 07 07

1 1 1 108 09 1 09 07 07

1 1 1 1 09 1 1 1 09 09
09 1 09 1 09 09 09 09 1 09
09 1 09 1 09 09 09 09 09 1

Then, we get that
Dar(x1) = 0.81, Dar(x2) =042, Dar(x3) =0.67,
Dar(xa) = 0.32,  Dar(xs) = 0.97,

Dar(xs) = 0.87, Dar(x7) =
DA'[‘(XQ) = 092.

0.89, Dar(xs) = 0.97,
DAT(XIO) =0.92.

Thus, according to the values of Dar{x;), the ranking result can be
listed as follows

X5 X9
= FX77Xe = X17X3 7 X0 7 Xy
Xg X10

Remark 3.1. From Example 3.1, we obtained a ranking result
by the dominance degree and the entire dominance degree.
However, decision makers often want to get a complete rank of
objects according to a user’s requirement. Therefore, it is not
satisfactory because some objects cannot be ranked completely in
present rank (seeing xs and Xg, X9 and x;0). In fact, the entire
dominance degree Da(x;) is constructed based on the dominance
degree D4(x;,;), and the value is determined by the comparison of
dominance classes of two objects. Obviously, Da(x;x;) mainly
investigates the relative ranking position of objects in entire
universe from the viewpoint of rank, while ignoring more detailed
difference of two objects under their attributes values. Hence, it is
inevitable that some objects may be put into the same place.

To get a complete rank of objects, from the numerical point of
view, we first define a directional distance index to measure the
preferability degree of the object x; over the object x;.
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Definition 3.3. Given two interval numbers fx; a) = [a'(x;),a"(x;)]
and fx;,a) = [a"(x;),a"(x;)]. Directional distance index between two
objects under the attribute a is defined as

1 1a%x) —a’(x) +at(x;) — at(x;)
DDL(xi.%j) =5 +3 max (aY(x)) — min (a*(x))
where max(a”(x)) =max{a’(x,),a"(x2),. ..,a(xu)}, min(a'(x)) = min
{ak(xq),ak(x),. . (x‘u‘)} and x;, x; € U. In particular, DDI,(x;, x;) =1
if max(a¥(x)) = mm(a (x)).

Property 3.2. DDI,(x; x;) has the following properties

) 0 < DDIy(x;x) < 1;

) if (x;, %) € RZ, then DDIy(x; X;) < DDIq(X;, Xi);

) if (xi,x;) € R7, then DDIy(x;,%;) > L;

) if DDI4(x;,%;) > 3 and DDIo(x;,xc) > 1, then DDI(x;,x) > 1;
and

(5) DDIy(x;, Xj) + DDIa(Xj,Xi) =1

(1
(2
(3
(4

Proof. Let f(x;a)=
a) = [a"(xx), a"(x,)].

[a'(x).a"(x)], fix;a)=[a"(x,).a%(x))], and flx,

(1) According to the definitions of max(a¥(x)) and min(a‘(x)),
one has that
min (a*(x)) — max (a’ (x)) < a¥(x;) — a’(x;) < max(a’(x))

a’(x;) —a’(x)

= max (a¥(x)) — min (at(x))

—min(at(x)) <= —
<1
Similarly, we have that

dt(x) — a'(x)
1 < ax @) —min

min (at(x)) <l
Thus,
a’(xi) — a’(x) + a*(x;) — a*(x;)
—2< max(a“(x;) — min (at(x)) T<20
1 1ad%x) —a¥(x) +a(x) — at(x;)
Sotg max(a”(x;) — min (a(x)) TS0

< DDI,(x;, %)) < 1.

(2) If (x;,x¢) € RZ, it follows from the dominance relation R;
that the interval number f(x; a) is bigger than the interval
number f{x,a), i.e., a¥(x;) > aY(x) and a'(x;) > a'(x). Then,
we have that

10" (x) - a" () +a*(x) - & (x)

4 max(aY(x))

1a"(x) —a’(xi) +a' (%) —a

"4 max(a’(x))—
1d¥(x)—av’(x

"4 max(aY(

_1a%x)—a’(x

4 max(aY(x))—

that is DDI(x;,x;) < DDIq(x;, Xk).

(3) If (x;,x;) € RZ, then the interval number f(x; a) is bigger than

DDIG (X,‘,Xj) — DDIu (Xi,Xk)

—

the interval number flx,a), ie, a’(x) > aY(x) and
a(x;) = da'(x;). Therefore,
1 1d%(x) —a%(x) +a*(x;) — a*(x;)
DDla(xi:%i) =3+ 7 —max (aY(x)) — min (a*(x))
- 1+1 av(x) —a’(x;) + aL(x,-) —a(x;)
~ 24 max(a¥(x)) — min(at(x))
LI
2 2

(4) If DDI(x;,%;) = 1 and DDI,(x;,x) > 1, then

1a%(x;) —a" (%) +a" (x;) —a* (%)
4 max(aY(x)) —min(at(x))

DDIﬂ(Xian):%+

_1, 1d%(x) —a%(x) +a"(x) —a"(x) —a”(x) +a" (%) — @ (x) + @ (x)

2 4 max(aY(x)) —min(at(x))

1, 1la¥(xi) —a" (x) +a" (xi) — a*(x)] +[a% (%) — 0¥ (%) + 0" (X)) — " ()]
272 max(aY(x)) —min(at(x))

1, 1d%x)—a(x) +a'(xi) —a"(x) 1 1a’(x)—a’(x)+a" (%)) —a" (xe)
=2ta max(a’ (x)) —min(at(x)) 2tg max(a’(x)) — min(at(x))
—%:DDla(xi‘xj)+DDIa(xj‘xk)—%2%—0—%—%:%.

(5) From Definition 3.3, it follows that

DDl (x;,;) +DDIo(x;,%;) =

1a%(x) —a" (%) +a*(x;) —a“(x;

1

274 max(aY(x))—min(at(x))

_141d Y(xi) —a’ () +a"(x) — a' (x;) + 0¥ (%)) — a”(x;) + a* (x;) — a* (%)
4 max(a!(x)) —min(at(x))

=1+0=1.

This completes the proof. O

Remark 3.2. From the numerical viewpoint, the index DDI(x;X;)
can measure the preferability degree of the object x; over the object
x;. From Definition 3.3, it is easy to see that DDIy(x;x;) can
characterize both the difference of two interval numbers and the
partial directional property. In other words, when the object x; is
preferable to the object x;one has that DDIy(x;,x;) > 4, and vice
versa. In this paper, we hence call the index a directional distance
index.

In fact, from Definition 3.3, we can make a comparison between
two objects under an attribute in [OIS. Furthermore, it is no doubt
that two objects can be compared under all considered attributes
according to the following formula

‘A‘ > DDIa(x;,X;),

VaeA

DDI, (X,‘, XJ

where A C AT, and |A| denotes the cardinality of a considered attri-
bute set.

Analogously, DDIx(x; x;) has the same properties as DDIy(x;, ;).

Based on the definition of DDIa(x; x;), let (x;x;) € U x U, one can
construct a directional distance index relation matrix with respect
to A. Furthermore, the entire directional distance index of each ob-
ject can be calculated through the constructed matrix, which is as
follows.

Definition 3.4. Let S=(U,AT,V,f) be an IOIS and A C AT. Entire
directional distance index of each object is defined as

DDI,(x;) = o1 7] > DDIx(xi,x), Xi, X €U.

j#

According to the entire directional distance index of each
object, one can easily rank all objects on the basis of the values
of DDI4(x;).

Remark 3.3. Essentially, the entire directional distance index
DDI4(x;) is mainly defined for ranking objects from the perspective
of distance under attributes values, which can help us to obtain a
much finer ranking result.

However, from the viewpoint of decision making, the entire
dominance degree Dy(x;) only gives a cautious ranking result,
which is built on the basis of the decision strategy that one object
is superior to the other object under all considered attributes. As
we know, for practical decision making issues, a cautious ranking
result is often desirable since risk aversion is one of major
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characteristics for decision makers. Therefore, we argue that Da(x;)
should be a prior grade and DDI4(x;) is a second grade, and the
latter can give a much finer ranking result. Based on this idea,
we establish a two-grade ranking approach in the following.

Definition 3.5. Let S=(U,AT,V,f) be an IOIS and A C AT, and x;,
xje U

If Da(x;) = Da(x;), then x; dominates x;, denoted by x;:=x;;
If Da(x;) < Da(x;), then x; is dominated by x;, denoted by x; < x;;

If Da(x;) = Da(;), then
(1) If DDIa(x;) = DDIa(x;), then x; dominates x;, denoted by
Xi=Xj,
(2) If DDIA(x;) < DDIa(x;), then x; is dominated by x;, denoted
by x; < x;;
(3) If DDIA(x;) = DDI(;), then x; is the same as x;, denoted by
Xi = Xj.

From Remark 3.1, it is known that some objects may be put into
the same place in the ranking result by using the entire dominance
degree Dy(x;). According to the motivations of this paper, we try to
establish a complete ranking approach keeping the rank induced
by the entire dominance degree unchanged. From Definition 3.5,
the entire dominance degree D4(x;) is made as the first grade of this
ranking approach, and the entire directional distance index
DDIy(x;) as the second grade. Clearly, the first grade remains the
rank preservation, while the second grade is used to obtain a much
finer ranking result. Thus, we can get a complete rank of objects by
the two-grade ranking approach. In the following, the Example 3.2
will be employed for showing the effectivity of this approach.

Example 3.2 (Continued from Example 3.1). Rank all objects in U
according to the two-grade ranking approach.

Firstly, one can get the following ranking result according to the
first grade.

X5 X9
= 7X7 7 X6 = X1 = X3 = X2 = Xg.
Xg X10

Secondly, one can utilize the second grade to rank those objects,
X5 and Xg, X9 and x;o, which cannot be ranked by the first grade.
Here, the directional distance index relation matrix dose not need
to be calculated because there are only two objects in each com-
parison. Thus, we have that

5
DDIyr(X5) = DDIar(xs,Xg) = ZDDI (Xs,Xg)

1

5
1/5 1 5 3 1 21
+5+5+t3+3) =10

548 2 40’
19 21
DDIAT(Xg) = DDIAT(Xg,Xs) =1- DDIAT(X57X8) = E < E
= DDIAT(X5).
Therefore, we can conclude the result xs:=xs.
Similarly,
13
DDIAT(Xg) DDIAT Xg,X]o g szDIam Xo, X]o
1 3 1 1 L3 3 42 5 1 19
8'2'8"8 2 ~ a0
21 19
DDl (x10) = DDlar(X10,%9) = 1 — DDIar (X9, X10) = 20" 20

= DDl yr (Xg ) .

That is X19=Xq.

Finally, we can easily obtain the complete ranking result, that is

X5 = Xg = X10 = Xg = X7 = X = X1 = X3 = X2 = X4.

From Example 3.2, a complete rank of objects can be obtained
by using the two-grade ranking approach. In the complete ranking
result, several objects (i.e., x5 and xg, X9 and x;¢) which are put into
the same place according to the entire dominance degree have
been further ranked. Simultaneously, the property of rank preser-
vation is still remained, that is to say, each of objects x5 and xg also
dominates each of objects xg and X0 in the complete rank. Obvi-
ously, the effectivity of the two-grade ranking approach has been
verified by Example 3.2. In fact, the directional distance index
DDIA(xl, X;) assumes that every attribute has the same weight of
W, = \A\ ,Va € A. However, this assumption is only presented under

special circumstances in practical decision issues. This problem
will be addressed in next section.

4. The two-grade ranking approach with weights

In many situations, the significance of every attribute is often
not equal to each other. This implies an important problem of
how to determine the weight of each attribute for more rational
decision making. Under this consideration, the directional distance
index DDIy(x;,x;) mentioned by Section 3 can be seen as the index
with equal weights. In this section, we continue to develop the ver-
sion of the directional distance index considering weights.

For information systems (IS), entropy of a system is a useful
mechanism for characterizing the information content, which is
defined by Shannon [38], and gives a measure of uncertainty about
its actual structure. Several authors [1,4,10,19-23,43] have used
Shannon’s concept and its extension to measure uncertainty in
rough set theory. On this basis, mutual information induced by
information entropy has also been proved that is an effective tool
for measuring attributes importance [10]. In the following, through
substituting a dominance relation for an indiscernibility relation,
we will propose a new concept of ordered mutual information,
which considers complement behavior of information gain. It can
be used to modify the directional distance index DDIx(x;x;) for
more rationally ranking interval data.

In what follows, we briefly review several related concepts of
information entropy in rough set theory.

Definition 4.1 [19]. Let S=(U,AT,V,f) be an IS and A C AT,
U/IND(A) = {X1,Xa,...,X;n}, information entropy of A in rough set
theory is defined as

Xil \XC o~ Xl () _ X
Z Ul | Z U] i)’
where X is the complement set of X;, i.e, X{ = U — X, [Xi|/|U| de-

notes the probability of X; within the universe U, and |X}|/|U| is
the probability of the complement set of X; within the universe U.

Definition 4.2 [19]. Let S=(U,AT,V,f) be an IS and A, B C AT, U/
IND(A) = {X1,X>, ..., X}, and U/IND(B) = {Y,Y>,...,Y,}. Then, condi-
tional entropy E(B|A) is defined by

and mutual information E(B;A) is defined as

Y; X Y] N X |

n m
_ J 1 ]
M= T
i=1
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Remark 4.1. From Definition 4.2, it is clear that the mutual infor-
mation based on an indiscernibility relation can measure the con-
sistency of two partitions in the universe U. It is because that it
depicts both the overlap degree of two equivalent classes (X; and
Y;) and that of their complement sets (X{ and Y;). Nevertheless, it
is also obvious that the mutual information in Definition 4.2 can-
not characterize ordered consistency. Therefore, we need to extend
several definitions listed above to measure the uncertainty in
ordered information systems effectively.

In fact, from Definition 4.1, we can directly induce a new infor-
mation entropy in interval ordered information systems, which has
been also mentioned in Xu’s work [44].

Definition 4.3. Let S=(U,AT,V,f) be an IOIS, A C AT, and
U/R7 ={[x1]5,[*2]z.---,[Xu]z }- Then, interval ordered informa-
tion entropy of A is defined as

§ 1 <1 B Hx,-},f\)
— U] ul

In the following, we put forward the new definition of mutual
information in interval ordered information systems.

E@A®) =

Definition 4.4. Let S=(U,AT,V,f) be an IOIS, A, B C AT, and

U/R: ={lxila x5, Xwla b U/Rg = {Ixilg  alg - [l )
Then, the joint entropy of A~ UB* is defined as

|U]| X1 1=
E(A> UB>) Z ‘2” (-l _ H i]A ‘8|[X1]B ‘)

Property 4.1. E(A U B*) has the following properties:

(1) E(A* UB®) > E(A®);
(2) E(A* UB>) > E(B>).

Proof. They are straightforward. O

Corollary 4.1. Let S=(UAT,V,f) be an IOIS and A, B C AT. If
B> < AZ, then E(A* UB>)=E(B>).

Definition 4.5. Let S = (U,AT,V,f) be an IOIS and A, B C AT, the con-
ditional entropy of A= with respect to B> is defined as

R O N Sl
EAZBZ) =Y — - .
A~1B%) ;\U\<\U\ 0] )

Property 4.2. Let S=(U,AT,V,f) be an IOIS and A, B C AT. Then,
E(A®|B>)=E(A* UB®) — E(B*).

Proof. From Definition 4.5, we have that

R e N R S
EATIB )‘Zﬁ< U )
SENSHE s N x5 |
U\<\U\ Tl U] )
1 o
\Kl 0] ) <1 U] >]

1 Ikl nxEN s 1 |5
U\(l 0] ),;un(1 \U\)

E(A> UB®) — E(B*).

S

M= EM

IS

<

21

This completes the proof. O

Corollary 4.2. Let S=(U,AT,V,f) be an IOIS and A, B C AT. If
B> < AZ, then E(A*|B*)=0.

Corollary 4.3. Let S=(U,AT,V,f) be an IOIS and AB, D C AT. If
D* < B> < A%, then E(D*|B>) < E(DZ|A>).

Definition 4.6. Let S = (U,AT,V,f) be an I0IS and A, B C AT. Then,
ordered mutual information between A= and B~ is defined as

d relal
Z -

i=1

Property 4.3. Let S=(UAT,V,f) be an IOIS and A, B C AT. Then,
E(A*;B*)=E(A®) — E(A*|B>)=E(B>) — E(BZ|A%).

Proof. From Definition 4.6, we have that

Fa”:87) = 3 - 1 0 bl ‘z”‘:‘w —[xiﬂif]'u[xm

|U| > > > >
_ N L U= (g | = [l |+ [Ixila 0 [xilg |
72 U

I[xi}ﬂ) _ (Hﬁ]lll?' [xili |8‘[XI]B Iﬂ

1 A\ <= 1 (lxl5 | |xly N x5 |
=3 (-1 )‘ZH( - g )

Il
™=
4‘_
—
/N
—
|

<

Similarly, E(A®;B>)=E(B>) —
This completes the proof. O

E(BZ|A*) also can be proved.

Property 4.4. Let S= (UAT,V,f) be an IOIS and AB C D C AT. If

> > > > x5 x5 | Xy il |
IIxilp N [xilg | = |xilp " N [xils |, then \[[)x,]§|8 = \‘[)x,]j\/‘ :

Proof. From the term (2) in Property 2.3, we have that
ilp C iy, [xilp S x5 and [xp° 2 [xi]3", Xy 2 [xi]5 *. Thus,

s NPl _llal _ Ilal ]
sl s | U belsT (UI— [elpt 0
R . I Y N 0
UT— Il n i 10T [l [l
_ bl el
R

This completes the proof. O

Corollary 4.4. Let S=(U,AT,V,f) be an IOIS and A C D C AT. Then,

xilp | _ x5 N Xzl
< s <1,
U] |[xil5 |
ilg Nz | 3 13 roize) kg iy | _ 1 s
where Ha = Xlp Nxls =0, and “ota =1 if
[EH] u lixi |

iy = [xils "
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Remark 4.2. In this section, we aim to depict importance of crite-
ria through the ordered mutual information that considers comple-
ment behavior of information gain in interval ordered information
systems. From Definition 3.5 and Example 3.2 , the entire domi-
nance degree D4(x;) is the first grade, which can be used to induce
a cautious ranking result. Here, we call the cautious ranking result
as the prior rank, which is ensured by the dominance relation Ry .
Therefore, we argue that the criterion a (a € A) is more important
when the rank induced by R? is more consistent with the prior
rank. In essence, this can be characterized by the consistency

”X"/[‘X] il between [xi]7

and [x;]7. According to Property 4.4, the big-

X)

ger |[xi];°Nixi. ¢ ’[*Xv] “"’ . From Corollary 4.4, one

knows that the consistency of [x;]; and [x;]. reaches the maximum
when [x;]7¢ equals [x;]7¢, and vice versa. So, E(a®;A) can measure
the consistency between [x;]; and [x;]; . From the analysis, we draw
the conclusion that the ordered mutual information with comple-
ment behavior of information gain is suitable to measure the
importance of criterion a, Va € A.

Next, on the basis of Definition 4.6, we will give a new definition
of DDI,(x;,x;) and propose a two-grade ranking approach with cri-
terion weights in interval ordered information systems.

, the larger

Definition 4.7. Directional distance index DDI}(x;, x;) which consid-
ered weights of criteria between two objects under attributes set
A(A C AT) is defined as

E(a>~A>)
v;/a > E(a*;A7)

YacA

DDI; (xi, X)) = DD, (x;, ;).

Here, DDI, (x;, x;) has the same properties with DDI4(x;,x;).

Definition 4.8. Let S=(U,AT,V,f) be an IOIS and A C AT. Entire
directional distance index with criterion weights is defined as
DDI; (%) = 15— > DDIy(xi,x), X, X €U.

j#l

\U\

Analogously, a two-grade ranking approach considering
weights of criteria can be established.

Definition 4.9. Let S=(U,AT,V,f) be an IOIS and A C AT, x;, x; € U.

If Da(x;) = Da(x;), then x; dominates x;, denoted by x;:=x;;
If Da(x;) < Da(x;), then x; is dominated by x;, denoted by x; < x;;
If Da(x;) = Da(x;), then

(1) If DDI,(x;) > DDI}(x;), then x; dominates x;, denoted by

Xi=Xj,

(2) If DDI},(x;) < DDI;(x;), then x; is dominated by x;, denoted
by x; < x;;

(3) If DDI,(x;) = DDI;(x;), then x; is the same as x;, denoted
by x; = x;

Definition 4.9 gives the two-grade ranking approach with
weights, in which the first grade is the same as the two-grade rank-
ing approach in Section 3, while the second grade is modified. The
modified entire directional distance index DDI}(x;) is constructed
by the directional distance index DDI}(x;,x;) considering the
importance of criteria. It is obvious that this approach not only
meets with the motivations of this paper but also takes the practi-
cal decision situations into account. Therefore, a more reasonable
rank regarding decision behaviors of decision makers can be
acquired.

The modified ranking approach can be designed as the follow-
ing algorithm.

Algorithm 1. A modified two-grade ranking approach for interval
data (TGRA).

Input: Decision table S = (U,AT, V., f);
Output: The ranked array I.
Step 1: I — [x1,X2,..., Xy ]; /[ Initializing the array I, I(1) = x4,
1(2) =Xo,.. ,I(‘Ul) =X‘U‘
Step 2: Fori=1 to |U]
{forj=1 to |U]
{compute D4(I(i)) = gt 24Da
Step 3: Fori=1 to |U]
{forj=1 to |U]
{if Da(I(1)) < Da(1G7))
x =1I(i), I(i) = I(G), I(j) = x; //x is a temporary variable
if Da(I(i)) = Da(1G))
compute DDI} (x;) =
Step 4: Fori=1 to |U]
{forj=1 to |U]
{if Da(I(i)) = Da(1(j))&DDI, (I(i)) < DDI,(I(j))
x =I(i), I(i) = I(G), I(j) = x}}; [/x is a temporary variable
Step 5: Return I and end.

(I, 1G))}3%

011 2jDDI; (X1, %)) }

Example 4.1 (Continued from Example 3.1). Rank all objects in U
according to the two-grade ranking approach with weights.

Based on Example 3.1, we rank those objects in U which cannot
be ranked by the entire dominance degree.
Firstly, according to the definition of E(aZ;AT”), we have that

oh 1 [Rile N Xilar
E(ag:AT”) Z\m#
ra,t, 1y, 8,5,4,6,6.8
“fo\i0 1010 " 1010 10 10 10 ' 10
_4a 1
~100 25°

I x2S N [x
E(aAT?) ZUH [1]
. i+O+0+O+i+i+i+i+§+E
—10\10 10 10 10 10 10 10
_38 _19
100 50’
901 Ixile N ilar |
E(a3;AT") Z\U|#
At 1, 8,5,4,6,6. 8
10\10 10 10 10 10 10 10 10 10
_43
100’

N S B LPal
E(a7;AT?) =3 ] : U]

i=1

:L<i+0+i+0+l+l+i+ﬂ+£+i>
10\10 10 10 10 10 10 10 10
43
~ 100
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T L il
i=1
(2040404 22 Ay 0 88
~10\10 10 10 10 10 10 10
3819
100 50

Then, DDI};(x;) can be calculated

5 >

, . E(az;AT?)
DDI;(Xs) = DDl (Xs, Xs) = Y | —g— =
o A S5 E(aq:AT?)

m=1
70.44X5+038 1+043 5+043 3+038 1
~206 87206 2.06 2.06 2.06
=0.53,

DDlam (Xs s Xg)

DDI,(xs) = DDI};(xs,Xs5) = 1 — DDI};(xs5,x3) = 0.47 < 0.53
— DI}y (xs),
X >, E(az;AT”
DDIr(X9) = DDIyr (X9, X10) Z 5 Han:ATT) ——— DDl (X, X10)
m=1 3™ E(az;AT?)
m=1
_O.44><§+0.38 ><l+043 §+0.43 ><5_’_0.38 ><1
20678 20672 2068 206 8 206 2
=047,
DDI},;(X10) = DDI}7(X10,X9) = 1 — DDI}(Xg,X10) = 0.53 > 0.47

= DDI};(Xo).
Therefore, the ranking result can be obtained as follows

X5 7= Xg 7= X10 7= X9 = X7 7= X6 7= X1 7= X3 7= X2 7= X4.

From Example 4.1, a complete rank of objects can also be ob-
tained. Obviously, according to the two-grade ranking approach
with weights, object x5 and object xs in the original rank have been
distinguished, and objects xg and x;9 have the similar result. More-
over, the property of rank preservation is also kept. In fact, from the
perspective of decision-making situations, determining the weight
of each criterion is a crucial step for more rational ranking decision.
Hence, the order mutual information E(aZ;AT”) with complement
behavior of information gain is introduced to measure the impor-
tance of criterion a,,. This approach to determining weights can re-
flect both the characteristics of data sets and decision behaviors of
decision makers, which seems more rational and comprehensive.

5. Case study

Stock selection is an important research issue in financial field.
In essence, the problem of stock selection is to rank alternatives on
the basis of their values of some indicators. The purpose of this sec-
tion is, through an actual issue of stock selection, to verify the
effectivity of the proposed two-grade ranking approach.

In the case study, we will employ twenty stocks x;
(i=1,2,...,20) from the tourism sector in Chinese A-share stock
markets. We select three attributes for evaluating these stocks,
which are earnings per share, book-to-market equity, and total as-
sets turnover, denoted by a,, (m = 1,2,3). Among these three indi-
cators, earnings per share and total assets turnover reflect the
profitability and operational capacity of enterprises, while book-
to-market equity is also recognized as an important factor which

is positive correlation with stock returns. Therefore, we will use
these indicators for this case study.

Generally, the attribute values of each stock are depicted by a
numerical number. However, it is difficult for us to analyze the
range of the value of objects under each attribute. In order to better
reveal the entirety of a data set, we can adopt such a strategy to
transform a single-valued data set into an interval-valued data
set based on the idea of data-packaging. Here, we will make use
of quarterly data of each stock from 2008 to 2009, where the min-
imum value is denoted by a’, (x;) and the maximum value is wrote
by a¥ (x;) under every attribute. Through data processing, the inter-
val ordered information system about stock selection is estab-
lished, which is shown in Table 2, where U= {xq,X,...,X20} and
AT = {(11,(12,(13}.

Firstly, according to the definition of [x];;, we have that

[Xl],fr {X1,X4,X16},
X2l

ar = {X2,X4,X7,X11,X13,X14, X15, X16, X17, X20 },
[X3]A2 {x3}, [X4]A>T = {x4}, [XS]/?T = {X4,X5,X9,X14,X15,X16 },

= {X6,X14,X15,X20},

={X7,X14,X15}, [Xs]zr = {Xs, X0, X14,X15,X16,X20},
[olr = {Xo},  [X10]ar = {Xa,X10,X14,X15,X16,X20},
[Xn]fr = {X4,X11,X14, X15,X16 },

[X13]A>T = {X4,X13,X15},
X154 = {15},

Xi2lar = {X12},
X1alar = {X14},
Xislar = {X18},

[Xm]AZT = {X16}, [X17]A>T = {X14,X16,X17,X20},

=
[X20]ar = {X20}-
Therefore, one can obtain the dominance relation matrix as

1 095085 09 095085 --- 08 09 09 0.85 095 0.85
06 1 055055 07 065 --- 055055 07 05 08 055
095095 1 095095 095 --- 095 095 095 0.95 095 0.95

1 1 095 1 1 095 .--095 095095095 1 095
08 09 07 075 1 08 --- 075075 08 0.7 095 0.7
08 095 08 08 09 1 ---085 08 09 08 095 0.85
08 1 085085095 095 .- 09 085 09 0.85 095 0.85
075 09 07 07 09 085 ---0750.75 085 0.7 0.95 0.75
095 095095095 1 095 --095095095 095 1 095
0.8 095 0.7 075 09 085 --- 075 075 085 0.7 1 0.75
08 1 075 08 095 085 .- 0.8 0.8 0.85 0.75 095 0.75
0.95 0.95 095 0.95 0.95 0.95 --- 0.95 0.95 0.95 0.95 0.95 0.95
09 1 08 09 09 09 --- 09 085085085 1 0.85
095 1 09509 1 1 ---09509 1 09 1 095
095 1 095095 1 1 -~ 1 09509509 1 095

1 1 09509 1 095 ---095 1 1 095 1 095
08 1 08 08 09 09 .- 08 08 1 08 095 0.85
0.95 095 095 095 095 095 --- 095 095 095 1 095 095
0.65 085 055 06 08 0.7 .- 06 06 07 055 1 06
095 1 09509509 1 09509 1 09 1 1

>
[X19]ar = {X4, X9, X10,X13,X14, X15, X165, X19, X20 },

Then, we can get that

Dar(x1) = 0.8895, Dqr(x,) =
Dar(x4) = 0.9684,

06237 DAT(Xg) = 0957
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DAT(XS) = 079477 DAT(XB) = 08632, DAT(X7) = 09,
Dar(xs) = 0.7921,

Dyr(xs) = 0.9579, Dyr(x10) = 0.8053,

Dar(x11) = 0.8395,  Dar(x12) = 0.95,

DAT(XB) = 089747 DAT(XM) = 097377

DAT(X15) = 097377 DAT(XIG) = 097117

Dar(¥17) = 0.8632,  Dar(x15) = 0.95,

DAT(Xlg) = 066847 DAT(XZO) = 0.9658.

According to the definition of D41{(X;), the prior rank can be obtained
as follows

X3
X14
X FXi6FXe X0 7 Xo = | X12 | mX7 X3 = X1 07
15

X138

(XG ) 7 X11 77 X10 = X5 7= Xg = X19 = X2.
X17

From the prior rank, one sees that several stocks cannot be
ranked (seeing x4 and X;s, X3, X12 and X;g, Xg and X;7). As we know,
stock selection is a typical issue of investment decision, in which
limited capital is a major constraint. So a complete rank of alterna-
tives is desirable for investors. However, the dominance degree
Da(xi,x;) only gives the preferability degree of the object x; over x;
through investigating the relative ranking position of objects,
which is difficult to obtain a complete rank. Next, we will adopt
the second grade DDI}(x;) to rank these objects for a complete rank.

Here, we need to calculate the ordered mutual information
E(az;AT?) as weights of criteria.

E(a7 ;AT

*t207201720720720"20 720720 "20 720

19 15 17 9 17
*t20720720 720720

Table 2

N

Z|U| U]

8

‘n [X,]

10 5 16

18 17 7

11>, 8 18 17,7
~20\20720 720" 20 20

11 14 12 12 18 14

An interval ordered information system about stock selection.

262 131
400 200’

U Stock code

a;

a

as

x; 000007
x, 000033
x3 000069
xs 000428
xs 000430
xs 000524
x; 000610
xs 000802
xo 000888
X0 000978
x;; 002033
X1z 002059
X3 002159
x4 600,138
x15 600,175
X16 600,258
x17 600,358
X1 600,593
X19 600,749
X0 601,007

[~0.1577,0.2254]
[~0.0382,0.0212]
[0.0180,0.3270]
[0.0000,0.2585]
[~0.1600,0.1000]
[-0.0900,0.0630]
[~0.0321,0.0285]
[~0.1527,0.0481]
[-0.0539,0.2142]
[~0.0440,0.1190]
[0.0000,0.1700]
[~0.0300,0.0861]
[~0.0330,0.1230]
[0.0403,0.1772]
[0.0000,0.1700]
[0.1044,0.3731]
[0.0010,0.0410]
[~0.1407,0.2700]
[~0.0941,0.0918]
[0.0290,0.1390]

[0.2279,0.6261]
[0.1971,0.5813]
[0.3758,0.7145]
[0.5779,1.0334]
[0.3270,0.6165]
[0.4382,0.9639]
[0.4760,0.9029]
[0.3513,0.7635]
[0.4422,0.7668]
[0.3856,0.8101]
[0.3411,0.7464]
[0.7967,1.1671]
[0.5325,0.9263]
[0.4922,0.9721]
[0.6648,0.9762]
[0.3867,0.9343]
[0.2819,0.6104]
[0.4161,1.0364]
[0.3569,0.7586]
[0.6873,1.0706]

[0.0488,0.0854]
[0.0309,0.0382]
[0.0249,0.3628]
[0.0580,0.1142]
[0.0254,0.1140]
[0.0582,0.0947]
[0.0614,0.1285]
[0.0595,0.0783]
[0.0757,0.1813]
[0.0421,0.0701]
[0.0391,0.0692]
[0.0216,0.1968]
[0.0390,0.1118]
[0.1830,0.4405]
[0.1151,0.2449]
[0.1563,0.3060]
[0.0397,0.0623]
[0.0177,0.1035]
[0.0066,0.0635]
[0.0644,0.0978]

U1 e Nl 1 /3 7 17 3
>, =\ _ o az - _
E(a5:AT )‘; U U 20 <20 0+55+20" 20
14 13 7 12 9 5 19 15 15 17
S Mt R Y

2020720720720 172072020 720 T 20

J12 2 17 7 18\ 212 53

20 720 20 20720) ~ 400 100’

UL k2N 1 /11 5 18 14 13
E(a5:AT”) Z\U\iu ﬁ(z*o*ﬁ*ﬁ*ﬁ*ﬁ

13,15 13 16,9 8 15 13 19 17
20 20 20 20 20 20 20 20 20 20
L1889 2 15 251
20 20 20 20 20/ 400°
Then, we will rank such stocks that cannot be ranked by Dar(x;).
(1) Let us rank the objects x4 and Xs.
3 E(az;AT”
DDl (X14) = DDy (X14,%15) = > (a55AT")

= > DDl (X14,X15)
m=1 Z?n:lE(aﬁ JAT?) ‘

0.655 /1 10.1772—0.17+0.0403 — 0
18125 (TZ 0.3731—(-0.16) >
053 (1 10.9721-0.9762 +0.4922 — 0.6648
*m(f& 11671 - 0.1971 >
| 06275 (1 10440502449 +0.183 — 0.1151)
18125\2 ' 4 0.4405 — 0.0066
=0.5473,

DDI;T(X]S) = DD[ZT(X157X14) =1- DD[ZT(X14,X15)

=1-0.5473 = 0.4527.

Obviously, we can conclude x143=X1s.
(2) Let us rank the objects x3, x1> and x;5. Through the definition
of DDI,;(x;, x;), one can obtain the directional distance index
relation matrix as

05 05169 0.5624
0.4831 0.5  0.5455
0.4376 04545 0.5

From the above matrix, one can easily obtain the following result

« 1 % 5

DDI(x3) = 5 [DDI;;(x3,X12) + DDl (X3, X18)] = 0.5397,
* ] * *

DDIAT(X]Q) = 5 [DDIAT(X]27X3) + DDIAT(X127X]3)} = 05143,
« 1 % *

DDIAT(X13) = i [DDIAT(X187X3) + DDIAT(Xls,X]z)} = 044617

Thus we can conclude X33=X12=X13.
(3) Let us rank the objects xg and x17.

DDI;;(xs) = DDI;; (X6, X17) = 0.5369,

DDI},;(X17) = DDI}7(X17,Xs) = 1 — DDI 1 (X, X17) = 1 — 0.5369
=0.4631.
Thus we can conclude xg=x17.

Therefore, according to Definition 3.5 and Algorithm 1, we can
get a complete ranking result as follows

Please cite this article in press as: P. Song et al,
j-knosys.2011.10.007
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X14 7 X1

5 = X1
X1 7 Xe =X

6 = Xa = X20 = Xo = X3 7= X12 7= X18 7= X7 = X13 =
17 7 X

11 = X10 = X5 7= Xg = X19 7= X2.

In this case, we try to completely rank all stocks for a more sat-
isfactory investment decision. However, there are seven stocks
cannot be ranked through the first grade D4(x;) in the entire stocks.
Then, the second grade DDI}(x;) is employed for measuring more
detailed difference of objects, where each weight of criteria is at-
tained by the presented ordered mutual information. Clearly, using
the developed ranking approach, we have obtained a complete
ranking result of the stocks.

6. Conclusions

As to ranking decision, existing approaches cannot obtain the
complete rank of objects with interval values. We want to over-
come this shortcoming based on the three viewpoints: (1) one
keeps the rank induced by original entire dominance degree un-
changed; (2) the objects lying in the same place in this rank should
be further ranked; and (3) the difference in-between objects in the
same place can be characterized by their values under every attri-
bute. Taking these three viewpoints into account, in this paper, we
first have proposed an entire directional distance index, which can
be used to further distinguish the difference among objects with
the same place in the rank induced by Qian’s approach. Based on
this proposed index, we have then developed a two-grade ap-
proach to ranking objects with interval values, which can obtain
a complete rank without destroying the rank induced by Qian’s ap-
proach. In order to rank objects more rationally, we have also pre-
sented a concept of ordered mutual information, which can be
used to calculate the weight of each criterion. The two-grade rank-
ing approach with weights is a much better choice to ranking ob-
jects. Finally, we have employed a case about stock selection for
verifying the effecitivity of the proposed two-grade ranking ap-
proach. Results show that the proposed two-grade approach is
much better than the original one to ranking objects with interval
values.
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