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ensemble methods treat all sample equally. To tackle this deficiency, we introduce the
stability of a sample to quantify its contribution and present a methodology to determine

Ic(lez:tv:rr:insg ensemble this stability. We propose two formulas accord with this methodology to calculate sample’s
Clustering analysis stability. Then, we develop a clustering ensemble algorithm based on the sample’s stability.
Sample’s stability With either formula, this algorithm divides a data set into two classes: cluster core and
Ensemble learning cluster halo. With the core and halo, the proposed algorithm then discovers a clear

structure using the samples in the cluster core and assigns samples in the cluster halo to
the clear structure gradually. The experiments on eight synthetic data sets illustrate how
the proposed algorithm works. This algorithm statistically outperforms twelve state-of-the-
art clustering ensemble algorithms on ten real data sets from UCI and six document data
sets. The experimental analysis on the case of image segmentation shows that cluster cores
discovered by the stability are rational.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Data clustering [1] is one of the most important fields in machine learning. It tries to discover the underlying structure
of a data set. In general, the structure means that similar samples are assigned to the same cluster while dissimilar samples
are assigned to different clusters. The lack of prior knowledge makes clustering analysis remain a very challenging problem
though many clustering algorithms have been proposed in the literature. It has been accepted that a single clustering al-
gorithm can not handle all types of data distribution effectively. Each clustering algorithm has its own strategy to discover
a structure from a data set. Different algorithms or different parameters for an algorithm may lead to different clustering
results. It is hard to judge which structure best matches the real distribution without supervised information. Therefore,
selecting a suitable algorithm is a difficult task. To avoid this task, many pieces of research focus on integrating multiple
clustering results, which is known as clustering ensemble [2]. The clustering ensemble can significantly improve the robust-
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ness, stability, and quality of a clustering solution when compared with a single clustering algorithm. Clustering ensemble
technique has been effectively utilized to handle many clustering tasks, such as categorical data [3,4], high dimensional data
[5], noisy data [6], temporal data [7], feature selection [8], etc.

The clustering ensemble problem was first introduced by Strehl and Ghosh [9]. In [9], the clustering ensemble problem is
described as combining multiple clustering results of a set of objects without accessing the original features. A clustering ensemble
method should be able to combine multiple clustering results into a consistent partition which is most similar to the
base clusterings without invoking the original data set. Some researchers use both the multiple clustering results and the
original features as inputs to further improve clustering performance [10,11]. Clustering ensemble without accessing the
original features could be applied in more fields than a method that also takes the original features as input. The fields
mainly contain scenarios where the original features are unavailable, such as distributed sources of data or attributes and
undisclosed data due to some secrecy reasons [12,13]. In addition, most of the clustering ensemble algorithms without
invoking the original data set can be expanded to a version that invokes the original data set.

In this paper, we focus on the traditional clustering ensemble problem which does not access the original features. With
this requirement, many clustering ensemble methods have been proposed. These methods utilize a lot of techniques, which
include but not limited to: clustering techniques [14,3,15-17,1,6], graph technologies [18,9,19] and optimization methods
[20-24]. In addition, weighted clustering ensemble and selective clustering ensemble are two approaches to further im-
prove the performance of a clustering ensemble algorithm. These two approaches increase the effect of the base partitions
which are beneficial for the following integration. Research about weighted clustering ensemble (WCE) and selective cluster-
ing ensemble (SCE) mainly focuses on exploring the characteristics of beneficial base clustering results. The characteristics
mainly involve two issues, which are diversity and accuracy of base partitions. Prior research about WCE and SCE explored
whether diversity or accuracy is the determining factor in the selection of base clusterings. Recently, more researchers tend
to combine diversity and accuracy in the selection of a subset of base partitions.

Although the above works have obtained good performance in solving a clustering ensemble problem, there is still much
room for improving the ensemble quality. The existing ensemble algorithms treat every sample equally in the construction
of the underlying structure. However, given a set of clustering results, samples may have different contributions to the de-
tection of the underlying structure. In clustering analysis, a cluster has a cluster core, which indicates robust assignment,
and a cluster halo, which could be considered as noise [25]. In [26], the authors introduced profiles and motifs. Given a
set of clustering results, profiles count the relative frequency that a sample occurs in a cluster and motifs are subsets of
samples that have high consensus in the same cluster. However, to discover motifs, one should handle cluster correspon-
dence discovering and cluster fusion problem, which have not solved very well [27]. In addition, it has been pointed out
in the literature [28-31] that diversity and accuracy of base clusterings are important for the ensemble performance. For a
set of base clustering results, diversity mainly comes from different decisions on the samples in the cluster halo, and accu-
racy is guaranteed by the consistent assignment of the core samples. An ensemble algorithm which differentiates between
samples in a cluster core and samples in a cluster halo may generate a better solution. According to the above discussions,
an interesting question arises: how can the cluster core and cluster halo be effectively discovered in a clustering ensemble
problem?

To answer the question, this paper introduces sample’s stability in a clustering ensemble problem. The sample’s stability
reflects its tendency of changing its cluster in the base clustering results. Under this stability, a cluster core should consist
of the samples with high stability, whereas a cluster halo should contain the samples with low stability. With such cluster
core and halo, different strategies should be adopted for handling samples in the core and halo.

The samples in a cluster core have consistent assignments from most of the base clusterings. These samples represent
a clear structure which is easy to be discovered. The strategy for the cluster core samples focuses on discovering a pre-
structure for guidance. For the samples in the cluster halo, there are many disagreements in the base clusterings. Therefore
it is hard to generate a consistent assignment for a sample in the halo based only on the base clusterings. The discovered
pre-structure will offer instructive information to the assignments of the halo samples. Now the strategy for the cluster halo
samples just needs to correctly assign halo samples into the pre-structure. The assignment of a sample in the halo based
on the pre-structure may be more accurate than before. Taking into account the above consideration, this paper proposes a
novel clustering ensemble algorithm that integrates base clusterings from cluster core to cluster halo.

Briefly, the contributions of the paper are as follows:

e A methodology to determine the sample’s stability in the clustering ensemble problem is proposed. Two versions of
formulas that accord with this methodology are developed.

e A novel clustering ensemble method based on the sample’s stability is proposed, which differentiates between stable
samples and unstable samples. This algorithm discovers a structure based on stable samples (known as cluster core)
and then gradually assigns unstable samples (known as cluster halo) to the pre-discovered structure.

e The rationality of the sample’s stability that is measured by the proposed method is verified by experiments on the case
of image segmentation. Eight synthetic data sets are used to show the working mechanism of the proposed clustering
ensemble algorithm. In addition, experiments on benchmark data sets are conducted to show the effectiveness of the
proposed algorithm.
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Fig. 1. An example of base clusterings.

The rest of the paper is organized as follows. The clustering ensemble problem is reviewed in section 2. In section 3,
we introduce a methodology to measure the sample’s stability and propose two formulas according to the methodology.
In section 4, the proposed clustering ensemble method based on the sample’s stability is described in detail. In section 5,
experiments are conducted to show how the algorithm works and the effectiveness of the proposed algorithm. Finally,
section 6 concludes the paper.

2. Clustering ensemble

In general, research about the clustering ensemble problem mainly includes three aspects: ensemble generation, ensem-
ble selection, and ensemble integration. Suppose X = {x1,X2,...,Xp} is a data set with n samples. After clustering with a
number of different clustering methods, a set of clustering results, IT = {Cy, C3, ..., C;}, will be obtained, where L is the
ensemble size and indicates the number of clusterings. C;(x;) indicates the label of x; induced by clustering result C;. The
objective of clustering ensemble is to find a new clustering result C* which is similar to every element in IT. In general, the
ensemble selection part and ensemble integration part are solely based on a set of clustering results without invoking the
original data set.

The first task in clustering ensemble is to obtain a set of base clustering results IT. Fig. 1 gives a simple example of three
clustering results IT = {C1, C2, C3} on 5 samples.

It is well known that diversity and accuracy of the base clusterings are two key factors to the performance of ensemble
techniques. To generate a more diverse and acceptable accurate ensemble set, the following strategies were suggested in the
literature [32,5,31,13,33,6]:

o Different parameter settings. Base clustering results can be generated by utilizing a clustering algorithm with ran-
domness, such as the initial centers of the k-means type of algorithms. Another important parameter is the number
of clusters. It was suggested in the literature that the cluster number should be set larger than the expected cluster
number [34,35,31].

o Different clustering algorithms. Each clustering algorithm has its own specific view on how to discover the underlying
structure of a data set. Different clustering algorithms often generate different results. Therefore multiple clustering
algorithms can be used to generate diverse base clustering results.

o Different representations of features. The representations of features mainly consist of two forms, one is data projection
and the other is a subset of features. For a multi-dimensional data set, both forms of representation of features try
to describe a data set from different views. Thus a set of diverse clustering results will be obtained when multiple
representations of the data features are utilized.

e Weak clusterings. It has been illustrated that integrating multiple weak clusterings can generate a good ensemble solu-
tion [13]. A weak clustering is slightly better than a random partition, which can be obtained by running a clustering
algorithm on a random one-dimensional projection of the data set or through splitting the data set by random hyper-
planes. A set of base weak clusterings should contain higher diversity.

Inspired by the success of feature selection technique [36,37] in improving the performance of a machine learning al-
gorithm, ensemble selection technique [38] is proposed in clustering ensemble to improve the quality of the obtained
clustering results set. An ensemble selection approach selects a subset of base clustering results based on a pre-defined
principle which is deemed to be beneficial for the following integration step. Research about the principles for ensemble
selection mainly refers to three issues, which are listed as follows:

e Ensemble selection based on diversity. The diversity of a clustering result is generally measured by its average dissimi-
larity with the other clustering results in the ensemble. Diversity principle is based on a fact that low diversity limits the
improvement of the ensemble performance [38]. Premier selective clustering ensemble methods mainly utilize diversity
to select a subset of clustering results [31,39].

e Ensemble selection based on accuracy. The accuracy of a clustering result is generally measured by its average similarity
with the other clustering results in the ensemble. Accuracy is an important element in ensemble selection stage [40]. It
has been illustrated in [30] that accuracy has a positive correlation with the ensemble performance.
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Fig. 2. The four information matrices.

e Ensemble selection methods based on diversity and accuracy. Diversity and accuracy are two opposite objectives that

are both important for the ensemble performance. Most of the recently proposed ensemble selection methods consider
both of the two objectives [41,29,42-44]. These methods use a metric that combines diversity and accuracy as the
selection guideline or design a complex process that takes diversity and accuracy into consideration simultaneously.

Having obtained a set of base clustering results, the last step is to generate an integrated clustering result. Many clus-

tering ensemble methods have been proposed to discover a structure C* from base clustering results I1. According to the
different types of information matrices [45] which an ensemble method relies on, the existing methods can be classified as
follows:

e Feature based approach (n x L matrix as shown in Fig. 2 (a)) [34,20,46,3,27,23,13,47]. The base clustering results set IT

is actually an n x L matrix, where each column indicates a clustering result. Based on the n x L matrix, three types of
methods have been proposed. The first type is finding correspondences between clustering results and transforming the
problem to a classifier ensemble problem. The second type is treating clustering ensemble as the problem of clustering
categorical data. Moreover, many median partition approaches are also based on this matrix [12,48,49]. These methods
try to discover a clustering result which is similar to the base clustering results set based on optimization technique.
Cluster based approach (n x N¢ matrix as is shown in Fig. 2 (b)) [35,50,4,51]. If we use each column to indicate a cluster,
then an n x N¢ matrix will be generated, in which Nc =k +ky + ...+ k; and k; is the cluster number of clustering
result C;. This matrix is binary and sparse. To generate a consensus result based on this n x N¢ matrix, a general way
is finding the relationships between clusters, enriching the n x N¢ matrix, and utilizing an existing clustering method
or a graph partition method to generate the final result.

Sample co-association based approach (n x n matrix as shown in Fig. 2 (c¢)) [14-16,6,52]. Given a set of clustering results
IT={Cq, Cy,...CL}, the frequency that two samples x; and x; appear in the same cluster is calculated by:

L
1
pij =7 2 1(C&), Cixy)) (1)
=1
where

1, Gi(x;) = Ci(x;);
0, Ci(x;) # Ci(xj).

All the pairwise frequencies will form an n x n matrix, which is called co-association matrix. This matrix reflects the
relations between each pair of samples. It offers an approximate similarity matrix which can be utilized by the hi-
erarchical type clustering algorithms. Furthermore, this matrix is the basis of many graph based clustering ensemble
methods.

Cluster intersect based approach (N¢ x N¢ matrix as shown in Fig. 2 (d)) [9]. Based on TII, the relationships between
each pair of clusters are also reachable, such as the common samples. They form an N¢ x N¢ matrix. This matrix reflects
the relations between clusters in different clusterings and is helpful for finding correspondences between clusters.

L(Ci(x). Ci(x))) =

The above discussions about the ensemble integration methods almost touch all forms of information matrices that

can be constructed by IT. Most of the existing ensemble methods treat all samples as a whole in order to discover the
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Fig. 4. Relations between the marked sample with others.

underlying structure of a data set. It is natural to conclude that different samples could have different ability to characterize
the underlying structure. Thus an ensemble method that uses different strategies to handle samples in cluster core and
samples in cluster halo may generate a more effective result. To design such a clustering ensemble algorithm, the cluster
core should be found based on I1. To effectively address this issue, in what follows, the sample’s stability is introduced to
measure the degree that a sample belongs to the cluster core.

3. Sample’s stability in clustering ensemble

Given a set of base clustering results, some samples remain consistently in one group, while others frequently change
from one group to another. This phenomenon can be characterized by the tendency that a sample changes its group. This
tendency is helpful for many tasks in clustering ensemble, such as measuring the quality of the set of base clustering results
and discriminating a cluster core and a cluster halo. To quantify a sample’s tendency of changing groups, we introduce a
measurement named as sample’s stability.

Let us first consider a simple visible artificial data set 2d2k [9], which has 1000 samples and 2 Gauss distribution clusters.
Fig. 3 shows the distribution of 2d2k. In Fig. 3, two samples are singled out, which are respectively marked as triangle and
star. Here, we run the random 1D k-means [13] (k =2) 50 times on 2d2k to obtain diverse base clusterings. The random 1D
k-means projects the data set onto a random line and uses k-means to generate a clustering result. As to a sample, it is easy
to obtain the frequencies that it appears in the same clusters with others. In Fig. 4, we use gray images to respectively show
the frequencies of the triangle sample and the star sample with others in the descending order, in which the black indicates
the co-association frequency is 1 and white indicates the co-association frequency is 0. From Fig. 4, it is easy to find that
there are many gray areas for the star sample, which indicate the changes between groups. For the triangle sample, there
are many black areas and white areas, which indicate consistent assignment.

From the example, one may observe that the stability of a sample can be measured by its relationship with others. For
a sample, if the co-association frequencies with others are either relatively high or relatively low, it can be deemed as a
stable sample, and otherwise, it has low stability. In this section, we present a methodology to quantify such stability.

3.1. A methodology to measure the sample’s stability

From the above analysis, the stability of relationship between two samples should be measured firstly. Considering the
co-association frequency of two samples, if two samples x; and x; are assigned to the same group by all clustering results,
i.e. pjj =1, the relationship between x; and x; is certain. In addition, x; and x; have a certain relationship if all clustering
results consistently assign them to different groups, i.e. p;; = 0. The relationship between x; and x; is unstable if their
co-association frequency value is in (0,1). A threshold t can be learned based on the distribution of the co-association
frequencies to indicate the most unstable frequency. According to the above discussion, based on a set of clustering results,
the stable relation between two samples contains two aspects: (1) most of the clustering results assign them in the same
cluster; (2) most of the clustering results assign them in different clusters. A stable level that is directly determined by the
co-association frequency can not reflect the second aspect. Therefore, we design a determinacy function f to project the
co-association frequency into a relationship stability space. To measure the determinacy of the relation of two samples, the
function f should have high values at both ends but low value at t. From the above discussions, the determinacy function
f is defined as follows:
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Definition 1. (Determinacy function): f is a determinacy function if for arguments p € [0, 1] and with a parameter t € (0, 1),
it satisfies:

() Ifp<t, f'(p)<0;if p>t, f'(p)>0.
(2) If pi <t < pj, and % =1, f(p) = f(p)).

The first condition requires that the determinacy function should obtain the minimum value on t, and obtain high value
far away from t. The second condition requires that the determinacy function should be unbiased for the co-association
values on both sides of t. Concretely, if two co-association values p; and p; are located on the same side of ¢, then the
farther co-association value will obtain a higher determinacy value. Formally, this characteristic is shown as if (p; —t)(p; —
t) >0 and |p; —t| > |pj —t|, then f(p;) > f(p;). This characteristic is easy to be obtained based on the first condition.
In addition, the two co-association values located on the different sides of ¢t have the following relation: if p; <t < p;j
and (1 —t)(t — p;) > t(pj —t), then f(p;) > f(p;). This relation holds true directly based on the two conditions of the
determinacy function. The above discussions indicate that the determinacy function can reflect the two aspects of a stable
relation between two samples.

In clustering ensemble, for a sample, if its relations with the others are stable, this sample should have high stability.
Therefore, with a determinacy function f, the stability of a sample x; which comes from database X with n samples can
be quantized by the average agreements of decisions on its relations with the other samples. Then, based on a determinacy
function f, the stability of x;, s(x;), is calculated by:

] n
s =—> f(pyj). )

j=1

Based on this methodology, we propose two stability measures: stability based on linear function and stability based on
quadratic function.

3.2. Stability based on linear function

Satisfying the conditions of determinacy function by Definition 1, a linear function can be designed as

.._t
|BiZ), pij <t
fl(pip) =1 ploe (3)
|BC), pij >t

Fig. 5 shows the curve of fI(p;j). The linear-based stability of sample x; is quantized based on the agreement degree of
its relations with the other samples, which is calculated by

_l n
slxi) = - F1Cpip. (4)
Jj=1
To learn a threshold ¢, in this paper, we solve a linear discriminant problem using Otsu algorithm [53]. Suppose D =
{dy,dq,---,dny) is a vector with m elements. A threshold f can divide D into two groups gg and gq by:
go={di:di <t,1<i<m}, (5)
gi={di:di >t,1<i<m). (6)
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Algorithm 1 Otsu.
INPUT: a vector D ={d1,d1,---,dn}
OUTPUT: threshold t*

: fori=1tomdo

calculate og; based on Formula (7)

: end for

P ¥={01,02, - Om}

i =argmax;<i<n(0i)

. t* = d]

QAN

The following task is to evaluate the performance of each threshold and select the most suitable one. A discriminant cri-
terion which measures the between-class variance is utilized. For the two classes go and g1, the between-class variance is
calculated by:

ot = wo(po — W)* + w1 (1 — ), (7)
where
0= @, 1= @
ID| D]
1o = Zdiego di _ Zdiegl di
lgol g1l
and u= Zd"ED.
ID|

In this scene, the most suitable threshold t* should maximize Formula (7), which is:

t* = argmax(oy). (8)

Formula (8) can be solved by Algorithm 1. The Otsu algorithm is proposed to select a threshold from a gray-level image. In
[53], the author states that the Otsu algorithm can also be applied in selecting a threshold in the scene that a histogram of
some discriminative characteristic for classifying the objects is available. As a fact, the Otsu method still remains one of the

most referenced threshold learning methods by now [54].
Taking the co-association matrix as the input of Otsu, we can learn a threshold t. Then, we calculate the stability of

samples in Fig. 1. Intuitively, the unstable sample should be the 3rd sample and the most stable sample should be the 1st
and 2nd samples. Based on Formula (4), the stability of each sample in Fig. 1 is given by:

sly =0.4444, sl =0.4444, sl3=0.2222,
sly =0.3333, sl5=0.3889, slg=0.3889.
The stability values are consistent with the visual perception.

3.3. Stability based on quadratic function

In this subsection, we consider a simple determinacy mapping function, the quadratic function, which is defined by:
1\ 2
(_Put t) , DPij<t;
pii—t\2 9)
(—{J_t ) . pij =t

The curve of the quadratic function fq is shown in Fig. 6.
With fq, the stability of sample x; is calculated by:

fa(pij) =

.1 n
sq(xi) = — > fa(pi). (10)
j=1

For the examples in Fig. 1, the values of samples’ stability based on quadratic function are:

sq1 =0.2130, sgqp =0.2130, sq3 =0.0648,
sqa =0.1389, sq5=0.1759, sqe=0.1759.

In this example, the stability values obtained by sq are consistent with the visual perception.
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Algorithm 2 Finding a cluster core and a cluster halo.

INPUT: clustering results set IT(n x L)

OUTPUT: indices of cluster core samples O,
indices of cluster halo samples H.

: calculating the co-association matrix M(n x n)

:fori=1tondo

obtain slM with Formula (4) or Formula (10)

: end for

SM = (sM M, ... My

: ts < Algorithm 1 (SM)

20 ={ilsM >t}

D H={i|sM <t}

The stability of each sample can be calculated based on Formula (4) or Formula (10). With these stability values, the
cluster core and the cluster halo can be determined by a threshold. It is easy to discover a clear pre-structure solely based
on the cluster core samples. The pre-structure can be used to guide the assignment of a hard determined halo sample.
Motivated by the above results, we design in this paper a clustering ensemble algorithm based on sample’s stability.

4. A clustering ensemble algorithm based on sample’s stability

In this section, we present a clustering ensemble algorithm based on sample’s stability (using CEs? for short). The main
idea of CEs? is using a sample’s stability measure to find a cluster core and a cluster halo, and handling the samples in the
core and the samples in the halo differently to discover the underlying structure. The CEs? consists of four parts: (1) finding
a cluster core and a cluster halo based on sample’s stability; (2) discovering the underlying structure based on samples in
the cluster core; (3) assigning samples in the cluster halo to the structure; (4) adjusting the structure to obtain a clustering
solution.

4.1. Using stability to find a cluster core

Generally, in the clustering analysis, a cluster core is defined as the part with a robust assignment. An effective way
to improve the robustness of a clustering algorithm is finding a right cluster core and using the cluster core to guide the
assignment of samples in the cluster halo. The cluster core is often discovered according to the distribution of a data set.
However, in clustering ensemble, determining the distribution of a data set is difficult due to the unknown original features
of the data set. To find a cluster core, here, we will utilize the samples’ stability introduced in Section 3.

Suppose that the assignment of samples in a cluster core is robust. Then different base clustering results may generate
similar assignments for the cluster core samples. Thus the samples in the cluster core will have high stability. Therefore, it
may be effective to use the stability to determine a cluster core. In other words, finding a cluster core with the stability
assumes that the samples in a cluster core have higher stability than those samples do in a cluster halo. The stabilities of
all samples SM = {s¥, s}, ... sM} can be obtained based on Formula (4) or (10). With these stabilities, a data set can be
divided into two groups according to a threshold t; determined by Algorithm 1. The indices of samples in the cluster core

and cluster halo, respectively, are given by:
— (| M P —
0={ils">t5i=1,2,...,n}, (11)
and

H={i|sM<t,i=1,2,....n}. (12)
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Algorithm 3 Discovering core structure.
INPUT: indices of cluster core samples O,
co-association matrix M.
OUTPUT: core structure Cp.
1: extracting co-association matrix of cluster core Mo
2: C}) < HC-algorithm (Mo)

After determining the cluster core and cluster halo, the processes of handling samples in these two parts are quite
different. For the cluster core, one may hope to find a clear underlying structure. With this structure, the assignments of
the samples in the cluster halo can be carried out. In what follows, our suggestions for handling these two types of samples
are discussed.

4.2. Discovering the structure of a cluster core

The stability of a sample is determined by the co-association matrix. In order to reduce the amount of computation, the
co-association matrix should be employed to discover the structure of a cluster core. We will use the rows and columns
corresponding to the samples in the cluster core to form the co-association matrix for the cluster core. In addition, the
co-association matrix reflects the relationship between each pair of samples, which is beneficial for discovering a consensus
clustering. Any clustering algorithms based on the co-association matrix can be applied to discover an underlying structure
of cluster core. Here, we use the hierarchical clustering (HC) algorithm [55].

For a data set with n samples, the HC algorithm begins with n clusters, in which each cluster corresponds to a sam-
ple. The HC algorithm iteratively merges two most similar clusters until the number of clusters reaches the expectation.
The measurement of similarity between two clusters is important to the quality of clustering result. The frequently used
similarity measurements between two clusters are maximum similarity, minimum similarity, and average similarity, which
correspond to three HC algorithms called single-linkage, complete-linkage, and average-linkage, respectively. The three sim-
ilarity measurements are as follows:

dmax(Ci, €j) = _min sim(x, y);
XECi, YEC)

dmin(ci, €j) = max sim(x, y);
XECi,YEC)
1 .
dave(Ci, Cj) = E E sim(x, y).
lcillejl i=2 =2
1 J

In clustering ensemble, sample features are unknown. As a compromise, p;; can be used in place of the similarity
between two samples x; and x;. Then, in clustering ensemble, the similarity between two samples will be:

sim(x, y) = pPxy-

The HC algorithm has two main advantages in finding the underlying structure of the cluster core. Firstly, the co-
association matrix can be treated as the similarity matrix in clustering ensemble problem. This means that the input of
the HC algorithm is already available, which is the main computation of the algorithm. Secondly, the HC algorithm can
determine the number of clusters by the largest jump during merging clusters. During the merging process based on the
co-association matrix, when the process meets a pair of clusters with the lowest similarity, it terminates.

A sample in a cluster core has very high similarity with its neighbors and very low similarity with others. Thus, each
element in the co-association matrix of the cluster core is close to 0 or 1. Since the underlying structure of cluster core
is clear, the three HC algorithms will discover very similar structures. In this paper, we utilize the single link algorithm to
discover a structure of cluster core.

4.3. Assigning samples in a cluster halo to the structure

The task of this step is to assign the samples in the cluster halo to the discovered core structure. The core structure is
expressed as a clustering result on the core samples. In addition, we have obtained the pairwise similarity matrix. Then, a
direct approach to assign halo samples may be based on the relations between the halo sample and the discovered clusters.
One can assign a halo sample to its nearest cluster. It should be noted that some samples in the cluster halo are far away
from all core clusters. Thus determining their assignments based on only core samples may be ineffective. Here, we propose
a non-parametric iterative approach to assigning the halo samples to the discovered structure.

This approach describes a spreading process which uses the samples in the cluster halo to expand the size of cluster core
to the whole data gradually. This approach is realized through a two-phase iterative method: the samples which are near
a core cluster are found first, and then, the cluster core are augmented by these samples. The two phases are successively
executed until all samples are assigned to the cluster core.
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Algorithm 4 Assigning halo samples.

INPUT: indices of cluster core samples O,
indices of cluster halo samples H,
co-association matrix M,
core structure Cg

OUTPUT: pre-structure C'*

1: while |0| #n do

2 calculate O’ with Formula (15)

3 extract Moo’ with M, O and 0’

4:  obtain C'* based on Formula (16)

5

6:

0=0uU0'
end while

In the first phase, to find the samples near the core cluster, the similarity between the samples in the cluster halo and
the discovered core clusters are calculated. The similarity between a sample x and a cluster ¢ can simply be measured by
the similarity between the measured sample and its nearest sample in the cluster:

s(x, C) = S¢ = maxsim(x, y). (13)
yec

A sample’s proximity to the cluster core is defined by the similarity between the sample and its nearest core cluster. For
sample ¥, its proximity is:

Prx =max{Sc,,Scy» - - - » Scie ) (14)

where K, is the number of discovered clusters in the cluster core. With Formula (14), we can obtain all the proximities of
the samples in the cluster halo. With these proximities, the samples which are near the cluster core can be selected based
on a threshold tp, determined by Algorithm 1. The indices of selected samples are:

0" ={i:pry > tpr,i € H}. (15)

Next, the selected samples are assigned to the cluster core by labeling them. The most direct method is to assign each
selected sample to its nearest cluster. The assignment of a halo sample x; can be conducted by

C*(x;) = argmax {Sc;, Scy» - - - » Sce }- (16)
ok, 1<k<K,

This process is based on the fact that the clusters in the core are far away from each other. After this assigning process is
completed, the cluster core has changed. We need to select a new set of testing samples. After assigning all halo samples, the
pre-structure of the data set will be discovered. Algorithm 4 shows the detailed steps of the assignment of halo samples. Due
to that the halo samples are assigned gradually, the relation information in cluster halo are also fully utilized to construct
the structure. In this paper, the relation information is the co-association probabilities. Actually, the above processes are
all based on the pairwise relation matrix. Thus, if some semi-supervised information is available, such as must-link and
must-not-link pairs, it is easy to expand the above processes to semi-supervised version through adding some constraints.

4.4. Generation of the final clustering

It is natural that the number of discovered clusters is different from the expected number. Taking the halo samples away
can split a cluster into several parts. Thus, more clusters are discovered. To generate the final result, some close clusters
will be merged. This task also can be conducted by the HC algorithm. Clusters are merged until the cluster number reaches
the pre-defined number of clusters. Finally, a structure that describes the data distribution will be generated. The adjusting
steps are shown by Algorithm 5. Sequentially executing Algorithm 2 to Algorithm 5 forms the framework of the algorithm
CEs?, which is shown as Algorithm 6.

5. Experimental analysis

In this section, we verify the performance of CEs2. Based on the two stability measures, two CEs? algorithms are pro-
posed, which are CEs2-L using stability based on linear function and CEs2-Q using stability based on quadratic function.
The experiments consist of three parts. First, we employ the image segmentation task to verify the rationality the sample’s
stability measured by sl and sq. Then, eight synthetic data sets are used to show the working mechanism and the robustness
of CEs?. Finally, we compare the two CEs? algorithms with twelve state-of-the-art clustering ensemble algorithms on ten
benchmark data sets from UCI [56] and six document data sets come with the CLUTO clustering toolkit [57].
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Algorithm 5 Adjusting.
INPUT: pre-structure C'*,
co-association matrix M,
cluster number k.
OUTPUT: clustering result C*
1: k' < cluster number in C"*
2: while k' > k do
3:  calculate cluster similarity matrix D(k’ x k') based on C'* and M

4 (i, j) = arg(min(D))

5 obtain C’* through merging c; and c;.
6: K=k-1

7: end while

Algorithm 6 CEs?.

INPUT: clustering results set IT, cluster number k
OUTPUT: clustering result C*

: (0, H, M) « Algorithm 2 (IT)

: Cp < Algorithm 3 (0, M)

: C'* « Algorithm 4 (C§, 0, H, M)

1 Cx < Algorithm 5 (C'*, M, k)

AW N ==

Image (1)
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Fig. 7. Results of image segmentation experiments (1).

5.1. The rationality of the sample’s stability

To visually illustrate the rationality of the proposed two sample’s stability measures sl (Formula (4)) and sq (Formula
(10)), we utilize the case of image segmentation. The image segmentation task is to partition an image into disjoint and
homogeneous regions, which is usually fulfilled by discovering the contours of different regions. In [58], Chan and Vese
proposed one of the most popular two-phase level set [59] based methods, which is just named CV method. The CV method
is a particular case of the minimal partition problem, which minimizes the energy of the partition. In the CV model, the
level set function is used to represent the contours. The main steps of the CV algorithm are: (1) contour initialization, (2)
minimizing the energy with respect to the mean intensities in the two regions, (3) minimizing the energy with respect
to the level set, (4) repeating steps (2) and (3) until convergence. It is natural that different initial contours may lead to
different segmentations for an image. Thus, we run the CV method multiple times on an image to generate diverse base
segmentations and discover the unstable regions based on sl and sq.

For an image, we first utilize the CV method to generate 50 segmentations with random initial contours, which are
rectangles with random sizes and random locations. Then, we respectively evaluate the stability of each pixel in an image
with Formula (4) and (10). Based on Algorithm 1, we divide the image into stable region and unstable region. Finally, we
ensemble the segmentation results of the stable region simply using HC algorithm with k = 2, and draw the unstable region
with gray color. With the above process, an image is shown with three colors, in which the white region and black region
are the segmentation results of the stable region, and the gray region is the unstable region.

We employ The Berkeley Segmentation Dataset (500) (BSDS500) [60] to conduct this experiment. Fig. 7 and Fig. 8 show
the experimental results of eight example images. In Fig. 7 and Fig. 8, (a) and (c) show two examples of random initial
contour, and (b) and (d) respectively show the corresponding segmentations of (a) and (c). The unstable regions which are
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Fig. 8. Results of image segmentation experiments (2).

discovered by linear-based stability sl and quadratic-based stability sq are shown in (e) and (f), respectively. From Fig. 7
and Fig. 8, it is obvious that the CV model generates different segmentations based on different initial contours. Comparing
sub-figures (e) and (f) with sub-figures (b) and (d), it can be founded that the gray regions in (e) and (f) are roughly equal to
the differences between (b) and (d). Visually, the sub-figures (e) and (f) are more real and reflect the original image clearer
than (b) and (b). The reasons mainly include two aspects. First, the regions which are hard to be defined are recognized as
unstable region. Take for instance the image (1), the sky is recognized as the unstable region, which can be segmented in
the same partition either with the cloud (Fig. 7 (b)) or with the plane (Fig. 7 (j)). The same facts occur in the images such
as the road in image (3), the petals in image (4), and the trunk in image (6). Second, the borders of an object are usually
recognized as unstable region, which makes the object be more stereoscopic in visual. Such as the zebra in image (2) and
the ropes in image (8). In addition, the results show that the unstable regions recognized by sl and sq are very similar in
most cases. While for image (2) and image (7), the sq discover more unstable regions than the sl.

5.2. Experiment on synthetic data sets

To visualize how CEs2 works, we present the result of each step of CEs? on eight synthetic data sets. Table 1 summarizes
the detailed information of these synthetic data sets. Fig. 9 shows the distributions of these synthetic data sets.

To generate a set of base clustering results, multiple k-means algorithms with random initial centers are utilized. As for
the number of clusters k in each clustering, we follow the suggestion that k should be greater than the expected number of
clusters in the literature [34,35,31], and set the cluster number in each base clustering as k = min{/n, 50} in the experiment.
The size of each ensemble is set as 50 in the experiment, i.e. L = 50.

The results of each step for CEs? are shown in Fig. 10 to Fig. 17, in which (a) and (d) are the clustering results based on
cluster cores, (b) and (e) are the clustering results of assigning the samples in the cluster halo, and (c¢) and (f) are the final
clustering results of the adjusting step.

As shown in Fig. 9, samples in Tetra are generated by mixed Gaussian distributions. The clusters in this data set are
spherical. For this data set, the traditional k-means algorithm based on Squared Euclidean distance can generate an effective
result. Fig. 10 shows that CEs? is also able to recognize the spherical clusters in these two data sets. As shown in Fig. 10
(d), it is interesting that the samples in the center region of a cluster are recognized as belonging to the cluster halo. The
reason is that when the cluster number k is larger than the expected value, the center region is divided by its surrounding
clusters. In this situation, the samples in the center region of a cluster will have low stability and belong to the cluster halo.

For the data sets which are shown in Fig. 9 (b) to Fig. 9 (h), the k-means algorithm in the generation step can not handle
these data very well. How CEs? integrates these low quality base clustering results into high quality clustering results are
shown in Fig. 11 to Fig. 17. From (a) and (d) in Fig. 11 to Fig. 17, it is easy to see that effective results are generated for
the samples with high stability. Given the results in (a) and (d), the predictions of the low stability samples are shown in
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Table 1

Description of the eight synthetic data sets.
Data sets N D K source
Tetra 400 3 4 [61]
Noisy 200 2 2 [30]
Wingnut 1016 2 2 [61]
Flame 240 2 4 [62]
Jain 373 2 3 [63]
Target 770 2 6 [61]
Chainlink 1000 3 2 [61]
Atom 800 3 2 [61]
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(b) and (e) of Fig. 11 to Fig. 17. It is observed that the assigning step in CEs? offers more clusters than the expected, which
can be deemed as segmentations of the targeted clusters. To obtain a better clustering, the adjusting step combines these
clusters to attain the expected number of clusters, whose results are shown in (c) and (f) of Fig. 11 to Fig. 17. Visually, both
algorithms CEs®-L and CEs?-Q effectively recognize the underlying structures of these synthetic data sets.

We also show the ability of other twelve clustering ensemble algorithms in handling the eight synthetic data sets.
The twelve clustering ensemble algorithms include one feature-based method (Voting [47]), three cluster-based methods
(WCT, WTQ, and CSM [50,4]), one cluster co-association-based methods (MCLA [9]), and seven sample co-association-based
methods (CSPA [9], EAC [14], HGPA [9], PTA [22], PTGP [22], SCCE [16] and NCUT [64]). The Voting method finds cluster
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correspondences and utilizes voting strategy to generate the final result. Based on the fact that the cluster matrix is sparse
and may limit the quality of data grouping, WCT, WTQ, and CSM utilize different link-based similarity measures to refine
the cluster matrix and then generate a clustering result through a partition strategy. In the experiment, we use the k-means
algorithm as the partition strategy. MCLA builds a cluster co-association matrix based on binary Jaccard measure and finds
cluster correspondences by grouping clusters. In MCLA, each sample is assigned to its most related cluster. Based on the
co-association matrix, CSPA utilizes a graph partition method METIS to generate a final result, and EAC utilizes hierarchical
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Table 2
The abilities of the compared methods in handling the eight synthetic data sets.
Data Voting WCT WTQ MCLA CSPA EAC HGPA CSM PTA PTGP SCCE NCUT CEs®-L CEs?-Q
Tetra O O O x O O O O O O O O O O
Noisy O x x O O O x O x O O x O O
Wingnut O X X X O O X O O X O X O O
Flame X O X O X X X X O O O X @) O
Jain X X X X X X X X X O O O O O
Target X X X X X X X X X X X X O O
Chainlink @) X X X O O O @) O O O O @) O
Atom O O O O O O O x O O O O O O
Table 3
Description of the sixteen data sets.

Number Data sets N D K

1 Breast Tissue 106 9 6

2 Glass 214 9 6

3 Protein Localization Sites 272 7 3

4 Ecoli 336 7 8

5 LIBRAS Movement 360 91 15

6 User Knowledge Modeling 403 5 4

7 Cardiotocography 2126 40 10

8 Image Segmentation 2310 19 7

9 Parkinsons Telemonitoring 5875 21 42

10 Statlog Landsat Satellite 6435 36 6

11 tr23 204 5832 6

12 tr45 690 8261 10

13 tr41 878 7454 10

14 tr31 927 10128 7

15 wap 1560 8460 20

16 rel 1657 3758 25

clustering algorithm to generate a final result. HGPA is based on an n x n matrix whose elements indicate hyper-edges
connecting two samples. In HGPA, clustering structure is discovered by cutting a minimum number of hyper-edges to make
the hyper-graph un-connect. Based on the co-association matrix, PTA and PTGP first built a probability trajectory based
similarity matrix. Then, PTA utilizes dendrogram generate a final result, while PTGP utilizes Tcut graph partition method. In
SCCE, the spectral algorithm is used to solve the problem of clustering ensemble based on the co-association matrix. NCUT
is an image segmentation method and it has been widely used in clustering ensemble algorithms [52,6]. The abilities of the
twelve clustering ensemble algorithms in handling the eight synthetic data sets are shown in Table 2. In Table 2, symbol O
indicates that a clustering ensemble algorithm can correctly discover the group structure from the corresponding synthetic
data, while symbol x indicates it can’t. From Table 2, it is easy to find that none of the twelve compared algorithms can
effectively handle all the eight synthetic data sets. Table 2 shows that the SCCE algorithms only failed in handling Target
data. However, in the following section, SCCE shows a bad performance in handling the benchmark data sets.

5.3. Experiment on benchmark data sets

Ten numerical benchmark data sets from UCI and six text benchmark data sets are used in this comparison experiment.
Table 3 shows the detailed information about these data sets.

To verify the performance of CEs?, we compare the two CEs? algorithms (CEs?-L and CEs?-Q) with the twelve clustering
ensemble algorithms which have been introduced in Section 5.2.

In this experiment, the ensemble size is still set as L =50 and the number of clusters in each base partition is set as
k = min{4/n, 50}. To eliminate the randomness caused by the uncertainty of ensembles, each comparison is conducted on
50 ensembles and the average estimation index values are reported.

To evaluate the performance of a clustering result, we utilize two widely used clustering estimation indexes, which are
the clustering accuracy [65] and the normalized mutual information [9]. The two indexes are external criteria that measure
the performance of a clustering algorithm through computing the similarity between its result and a referential clustering
result. In the following experiments, the ground truth is utilized as the referential clustering. Then, we only introduced the
two indices in the environment that the compared partitions have the same number of clusters, which is the true number
k in each data set.

The clustering accuracy (AC) matches corresponding clusters in the compared results and reports the fraction of their
common samples. Based on the overlap matrix between a clustering result C’ and ground truth C, which is shown in
Table 4, the AC is calculated by:
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Table 4

Overlap matrix between C’ and C.
C\C’ CQ Cé C,’< Sums
C ni ni2 Nk n.
C2 na1 n2 .- ok no.
Ck Mg 7%} e Nik N
Sums nq no e ny n

k max{n;j: j=1,2,...,k}
AC=)" : (17)

“ n
i=1
where nj; is the number of common samples of cluster C; in C and cluster C; in C'.
The normalized mutual information (NMI) computes the information shared between two partitions, which is defined as
follows:

k k . nni;
i=1 Zj:l njjlog (ni_,”)

(S om (1)) (Shimtos (3))

Both indexes are bounded between 0 and 1, in which a higher value indicates a better performance.

The values of AC and NMI in the comparison experiments are reported in Table 5 and Table 6, respectively. In Table 5
and Table 6, the last row shows the average ranks of each algorithm on the sixteen data sets. For each data set, the highest
index value is double underlined, while the second highest value is marked with underline. It is easy to see from Table 5
that the proposed CEs? algorithms obtain the highest AC values for fourteen data sets. For twelve data sets, the two versions
of CEs? algorithms win the first two places. For many data set, the two CEs? algorithms can markedly improve the AC value
on many data sets. Table 6 shows that the CEs? algorithms get higher NMI values than the other eight algorithms on eleven
data sets. From the last row in Table 5 and Table 6, it is obvious that the two CEs® algorithms obtain the top two ranks.
The average ranks of the two CEs? algorithms are around 2, which indicates that the two CEs? algorithms consistently
outperform the other algorithms on most of the data sets.

To further analyze the results reported in Table 5 and Table 6, we utilize the Friedman test to detect whether the
compared algorithms are significantly different. To conduct this test, we use the Matlab function ‘friedman’. Based on Table 5
and Table 6, the p-values that the test returns are 1.3026 x 10~!8 and 2.1224 x 10716, respectively. Both the p-values are
sufficiently small, which suggest that at least one pair of algorithms is significantly different. To visually show the differences
of the compared algorithms, we apply Nemenyi post-hoc test [66]. The critical value of the Nemenyi test is calculated by:

AA+1
Nezqa,/%, (19)

where A is the number of algorithms, D is the number of data sets and q, = 4.7427 when the confidence level o = 0.05. If
the average rank of an algorithm is Ne different than that of another algorithm, it can be deemed that these two algorithms
are significantly different. In this experiment, with Formula (19), we obtain Ne = 7.0145. Fig. 18 and Fig. 19 show the
results of the Nemenyi test. In Fig. 18 and Fig. 19, the horizontal axis corresponds to the fourteen algorithms and the
vertical axis corresponds to the value of average ranks. For each algorithm, its average rank is shown by a red point and
its confidence interval is shown by a blue line whose length is 7.0145. The black dotted line shows the up confidence level
of CEs2-L, which obtains a high rank in the two CEs? algorithms. From Fig. 18 and Fig. 19, it is easy to see that the two
CEs? algorithms obtain much higher average ranks than the other algorithms. Concretely, CEs2-L and CEs®-Q are significantly
different than CSPA, EAC, SCCE, and NCUT.

NMI(?, w9y =

(18)

6. Conclusion

Clustering ensemble is an effective approach to solve data clustering problem. Many clustering ensemble algorithms have
been proposed during the past decade, most of which treat each data samples equally. However, given a set of clustering
results, the frequencies that samples changing between clusters are different, which means the contributions of different
samples to the detection of the underlying structure should be different. In this paper, we have introduced sample’s stability
to reflect this difference, and have proposed a methodology to calculate this stability. Based on the sample’s stability,
we have proposed a novel clustering ensemble algorithm (CEs?). This algorithm takes different processes to handle the
samples in cluster core and the samples in cluster halo, which are divided based on the sample’s stability. To verify the
rationality of the sample’s stability, we have applied it on the case of image segmentation. The results visually show that
recognizing the unstable regions, the segmentation results are very encouraging. Experimental analysis on eight synthetic



Table 5

The index AC from ten clustering ensemble methods for the sixteen data sets.

Data Voting WCT WTQ CSM MCLA CSPA EAC HGPA PTA PTGP SCCE NCUT CEs?-L CEs?-Q
1 0.6283 0.5179 0.5151 0.5198 0.6028 0.5590 0.4976 0.5009 0.4816 0.4943 0.2406 0.4349 0.7113 0.6943
2 0.4220 0.4530 0.4196 0.4383 0.4432 0.4213 0.4290 0.4292 0.4776 0.4731 0.3570 0.3353 0.4995 0.4923
3 0.7489 0.8066 0.8443 0.8706 0.7581 0.7428 0.5151 0.7233 0.8149 0.8729 0.5160 0.4518 0.8965 0.8899
4 0.4638 0.5016 0.5186 0.5208 0.4808 0.4862 0.4552 0.5101 0.5638 0.4976 0.3987 0.2957 0.5326 0.5530
5 0.4432 0.4129 0.4040 0.4188 0.4531 0.4208 0.4496 0.4440 0.4407 0.4247 0.2794 0.3519 0.6328 0.6367
6 0.5444 0.4965 0.5306 0.5063 0.5437 0.5264 0.3900 0.5329 0.4603 0.5661 0.3279 0.5395 0.5482 0.5603
7 0.6199 0.6151 0.6377 0.6466 0.6248 0.6170 0.4650 0.6710 0.9905 0.9540 0.2761 0.8267 1.0000 0.9882
8 0.7061 0.5434 0.5759 0.5645 0.7041 0.6999 0.3535 0.6579 0.6463 0.6607 0.1457 0.6382 0.7292 0.7302
9 0.4857 0.5129 0.5068 0.5156 0.4885 0.4601 0.4899 0.3677 0.5107 0.5442 0.3306 0.4904 0.5458 0.5567
10 0.6119 0.5722 0.6283 0.5511 0.6160 0.5852 03116 0.4065 0.7380 0.6549 0.2438 0.5654 0.7508 0.7437
11 0.4359 0.5005 0.5213 0.5092 0.4373 0.4375 0.4137 0.4467 0.4512 0.4556 0.4074 0.4402 0.5306 0.5193
12 0.5406 0.5863 0.5604 0.5841 0.5403 0.5428 0.5356 0.5125 0.5305 0.5467 0.5251 0.4478 0.6110 0.6236
13 0.5306 0.5278 0.5370 0.5204 0.5353 0.4398 0.5200 0.5551 0.5755 0.5798 0.5521 0.5044 0.5800 0.5888
14 0.5038 0.4831 0.4742 0.4862 0.5077 03154 0.4780 0.5190 0.5106 0.5064 0.5101 0.4983 0.5483 0.5351
15 0.4267 0.4437 0.4827 0.4873 0.4809 0.4600 0.4429 0.4574 04314 0.4157 0.4035 0.4262 0.5306 0.5342
16 0.3965 0.3804 0.3772 0.3960 0.4008 0.3649 0.3509 0.3546 0.3983 0.3999 0.3739 0.3649 0.4187 0.4208
ave rank 8 8.1875 7.5 7.0625 6.6875 9.5 11.1875 8.3125 6.3125 5.6875 123125 10.875 1.6875 1.6875
Table 6
The index NMI from ten clustering ensemble methods for the sixteen data sets.
Data Voting WCT WTQ CSM MCLA CSPA EAC HGPA PTA PTGP SCCE NCUT CEs?-L CEs?-Q
1 0.5401 0.5261 0.5171 0.5201 0.5314 0.4843 0.4611 0.4680 0.4976 0.4860 0.1435 0.3308 0.5528 0.5347
2 0.2968 0.3452 0.3027 0.3260 0.3122 0.3209 0.3264 0.3363 0.3412 0.3575 0.0601 0.1571 0.4126 0.4022
3 0.4573 0.6670 0.6876 0.7139 0.4675 0.4757 0.3413 0.5115 0.6271 0.7113 0.0251 0.0353 0.7283 0.7214
4 0.5214 0.5611 0.5580 0.5557 0.5318 0.5128 0.5434 0.5383 0.5817 0.5505 0.0457 0.2213 0.5643 0.5729
5 0.5926 0.5786 0.5768 0.5869 0.5916 0.5582 0.6059 0.5782 0.5849 0.5724 0.1366 0.4955 0.6313 0.6208
6 0.3789 0.3146 0.3802 0.3328 0.3799 0.3678 0.1403 0.3731 0.2534 0.3808 0.0413 03911 0.3755 0.3841
7 0.7824 0.7695 0.8012 0.8048 0.7849 0.7677 0.5752 0.8242 0.9942 0.9336 0.0591 0.9068 1. 0.9940
8 0.6597 0.5730 0.6140 0.6073 0.6586 0.6511 0.3693 0.6069 0.6538 0.6382 0.0374 0.6255 .6553 0.6698
9 0.6878 0.6812 0.6812 0.6825 0.6849 0.6621 0.6858 0.5412 0.6905 0.6799 0.0632 0.6754 0.6889 0.6912
10 0.5312 0.5202 0.5599 0.5181 0.5345 0.5407 0.2964 0.2562 0.6039 0.5584 0.0488 0.5328 0.5679 0.5907
11 0.2982 0.2898 0.3232 0.3005 0.3022 0.2153 0.2778 0.3222 03184 0.3198 0.2965 0.2647 0.3346 0.3366
12 0.5452 0.5272 0.5159 0.5352 0.5450 0.4736 0.5373 0.5287 0.5394 0.5314 0.5210 0.4155 0.5546 0.5564
13 0.5679 0.5667 0.5792 0.5611 0.5671 0.4611 0.5436 0.6018 0.5802 0.5775 0.5683 0.5020 0.5859 0.5916
14 0.4773 0.4355 0.4531 0.4602 0.4756 0.3127 0.4496 0.4980 0.4061 0.4066 0.3940 0.3804 0.4807 0.4815
15 0.5398 0.5428 0.5823 0.5936 0.5669 0.5892 0.5750 0.5873 0.5846 0.5666 0.5600 0.5577 0.6124 0.6123
16 0.4900 0.4869 0.4822 0.4843 0.4903 0.4782 0.4658 0.4520 0.4819 0.4799 0.4819 0.4705 0.4889 0.4915
ave rank 7 8.625 7 71875 6.5625 10.4375 9.8125 8 5.6875 7 12.4375 10.9375 25 1.8125
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Fig. 18. Nemenyi test based on Table 5. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 19. Nemenyi test based on Table 6.

data sets shows how CEs? works, and experimental analysis on ten UCI data sets and six document data sets demonstrate
the superior performance of CEs2. In addition, the sample’s stability could be effective for measuring the quality of a set of
base clustering results. Therefore, stability can also be utilized to select clustering results, which is known as the selective
clustering ensemble. In general, a selective clustering ensemble algorithm only integrates the selected clustering results.
However, the discarded clustering results may offer useful information. It could be interesting to design a method that
differentiates between selected clustering results and unselected clustering results.
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